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Loi tua

Nham két ndi, thiic ddy hoat dong nghién ctiu, giang day va ing dung toan hoc gitta cac
truong dai hoc, cao dang khu virc Mién Trung-Tay Nguyén va ca nudc, Truong Pai hoc Quy
Nhon dang cai t6 chitc “Hgi nghi Todn hoc Mién Trung-Tay Nguyén” 1an thi nhat dién ra tir ngay
12 dén 14 thang 8 nam 2015. Hoi nghi ¢6 khoang 190 ngudi tham gia v6i hon 110 dai biéu bao
cao, trong do6 cé 3 bao cao moai toan thé, 10 bao cao moi tiéu ban va cac bao cao ngén tai cac

tiéu ban:
1. Pai s6 — Hinh hoc - Topo,
2. Giai tich toan hoc,
3. T6i uu va Tinh toan khoa hoc,
4. X4c suat - Théng ké va Todn tai chinh,

5. Giang day va Lich st toan hoc.

bay la sb dac biét cta Tap chi Khoa hoc Truong Pai hoc Quy Nhon danh cho Hoéi nghi
nay. Céc bai bao trong s6 nay la cac két qua tng quat hon ctia mot sb két qua ma céc tac gia
da dang ky tham gia bao céo tai Hoi nghi. Dong thoi, cac két qua nay da dugc cac chuyén gia
tham dinh theo quy trinh phan bién thong thudng ctia mot tap chi.

Ban t6 chitc Hoi nghi tran trong cdm on cac tac gid da déng gép cac két qua ctia minh, cac

chuyén gia da phan bién dé ching t6i hoan thanh Cubn tap chi s6 nay.
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ON 2-ANTIPARALLEL ENCOUNTERS ON FACTORS OF THE HYPERBOLIC PLANH

HUYNH MINH HIEN
Khoa Toan, Truong Dai hoc Quy Nhon, 170 An Duong Vuong, Quy Nhon, Binh Dinh.
Email: huynhminhhien@gnu.edu.on

ABSTRACT

In this paper, we consider the geodesic flow on factors of the hyperbolic plane. We prove that a
periodic orbit including a 2-antiparallel encounter has a partner orbit. We construct the partner orbit
and give an estimate for the action different between the orbit pair. Then we apply the result to reprove
the accuracy of Sieber/Richter’s prediction.

Keywords: Geodesic flow, Partner orbit, Sieber-Richter pair, 2-antiparallel encounter
TOM TAT

Trong bai bdo nay, chiing toi xét dong tric dia trén cic khong gian thuong ciia mit phang hyper-
bolic. Chiing téi chitng minh rang mot qui dao tuan hoan chita mgt encounter doi song cho trudc luon
s6 hitu mot quij dao dong hanh. Quij dao dong hanh nay duoc xdy dung cu thé va dg léch tic dung giita
né va quy dao ban dau dugc danh gid chi tiét; dong thoi dp dung két qua nay dé chimg minh lai tinh
diing dan ctia dy dodn Sieber/Richter.

1 Introduction

The two-point correlator function of a classical dynamical system can be illustrated as a

double sum over periodic orbits

K(r) = <i 3 A,YA;/eﬁSrS«)(s(TTH - %) > 1)

7Y

where (-) abbreviates the average over the energy and over a small time window, T denotes
the Heisenberg time and A,, S,, and T, are the amplitude, the action, and the period of the
orbit v, respectively. As one is interested in the semiclassical limit 7 — 0, it is expected that
only orbit pairs v, such that S, — S, ~ & or small. Formulated in more mathematical terms,
for a classical chaotic dynamical system the problem is to determine the periodic orbit pairs
7,7 such that S, is close to S,/, and then calculate (T).

This was first considered by Sieber and Richter [16}17] who predicted that a given periodic
orbit with a small-angle self-crossing in configuration space will admit a partner orbit with
almost the same action. The original orbit and its partner are called a Sieber-Richter pair. In

phase space, a Sieber-Richter pair contains a region where two stretches of each orbit are almost

Ngay nhan bai: 12/11/2015 ; ngay nhan dang: 28/06/2016
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mutually time-reversed and one addresses this region as a 2-encounter or, more strictly, a 2-
antiparallel encounter; the ‘2" stands for two orbit stretches which are close in configuration
space, and ‘antiparallel’ means that the two stretches have opposite directions. The accuracy of
Sieber/Richter’s prediction was completely proven by Huynh/Kunze in [11]. In that paper the
authors considered the geodesic flow on compact factors of the hyperbolic plane. It was shown
in [11] that a T-periodic orbit of the geodesic flow crossing itself in configuration space at a
time 77 has 9|sin(¢/2)|-partner orbit and the action difference between them is approximately
equal In(1—(1+e T )(14e (T-T))sin?(¢/2))) with the estimated error 12sin®(¢/2)e~ 7, where
¢ is the crossing angle.

Periodic orbits with L-parallel encounters was investigated by Miiller et al. in [8, [14), 15].
We speak of an L-encounter when L stretches of a periodic orbit are mutually close to each other
up to time reversal. In other words, all the L stretches must intersect a small Poincaré section.
Mtiller et al. used combinatorics to count the number of partner orbits and provided an approx-
imation for the action difference, but a construction of partner orbits and an error bound of the
approximation had not been derived. Then, Huynh [10] continued considering the hyperbolic
dynamical system in [11] to deal with the technically more involved higher-order encounters.
The author proved that a given periodic orbit including an L-parallel encounter has (L —1)!—1
partner orbits, constructed partner orbits and gave estimates for the action differences between
orbit pairs. Furthermore, mathematical definitions for ‘encounters’, ‘partner orbits’, etc. were
also arrived in [10].

In the case of L-antiparallel encounter with general L, the problem is a very complicated
and it is still open. In this paper, we only consider the problem for L = 2. We prove that a
periodic orbit with 2-antiparallel encounter has a partner orbit. If the space is compact, then
the partner is unique. Then we apply the result to prove Sieber/Richter’s prediction and derive

a better estimate for the action difference.

The paper is organized as follows. In Section 2 we introduce the necessary background
material. Then in Section 3 we consider orbits with 2-antiparallel encounters. We prove that an
orbit with a 2-antiparallel encounter has a partner orbit. Then we apply this result to reprove

the accuracy of Sieber/Richter’s prediction.

2 Preliminaries

We consider the geodesic flow on factor I'\H?, where H?> = {z = 2 +iy € C: y > 0}
is the hyperbolic plane endowed with the hyperbolic metric ds* = dm%d?f and I' is a discrete

subgroup of the projective Lie group PSL(2,R) = SL(2,R)/{xE,}. The group PSL(2,R) acts

az+b
cz+d*

then the factor I'\H? has a Riemann surface structure. Such a surface is a closed Riemann

transitively on H? by Mobius transformations z If the action is free (of fixed points),

surface of genus at least 2 and has the hyperbolic plane H? as the universal covering. If the
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space I'\H? is compact, then all the elements in T'\ {e} are hyperbolic, i.e., tr(y) = |a + d| > 2
for v = { + ( : Z )} € I'\ {e}. The geodesic flow (¢;")icp on the unit tangent bundle
X = TH(T'\H?) goes along the unit speed geodesics on I'\H?. On the other hand, the unit
tangent bundle T (I'\ H?) is isometric to the quotient space I'\PSL(2,R) = {T'g, g € PSL(2,R)},
which is the system of right co-sets of I" in PSL(2,R), by an isometry =. Then the geodesic
flow (p;)icr can be equivalently expressed as the natural ‘quotient flow’ ;¥ (T'g) = T'ga; on
X = T\PSL(2,R) associated to the flow ¢$(g) = ga; on G := PSL(2,R) by the conjugate
relation

=ZlopfoZ forall teR.

Here a; € PSL(2, R) denotes the equivalence class obtained from the matrix A, = ( eto/ ’ 6_3 /2 ) €
SL(2,R).

There are some more advantages to work on X = T'\PSL(2,R) rather than on X =
T'(T'\H?). One can calculate explicitly the stable and unstable manifolds at a pointz = I'g € X
to be

Wx(x) = {Tgbs,s € R} and Wx(z) = {I'gc,,u € R},
where b;, ¢, € PSL(2,R) denote the equivalence classes obtained from B, = ( ! i ), C, =

( i (1) ) € SL(2, R). If the space is compact, the flow (¢;X);cp is hyperbolic.

General references for this section are [2} 5, 12], and these works may be consulted for the

proofs to all results which are stated above.

For ¢ € R, denote by d,, € PSL(2,R) the equivalence class obtained from

_ [ cos(¢#/2) —sin($/2)
D¢ - ( sin(¢/2) cos(¢/2) ) € SL(2,R)

Lemma 1. (a) The following relations hold for t € R:
CLtdﬂ— = dﬂ—a/_,g7 btdﬂ— = dﬂ—C_,g7 Ctdﬂ— = d,rb_t. (1)

(bLet g = [G] € PSL(2,R) for G = ( © ) € SL(2,R). Ifa # 0, then g = c.byay for

t=2Inla|, s=ab, w=CS. )
a

Proof. (a) In SL(2,R) we calculate

el 0 0 1) 0 e\ [0 1\[et 0
0 e Y2 -1 0) \ =t 0o ) \-10 0 elf?

= DA,

AD,

which upon projection yields the first one. The argument is analogous for the others.
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(b) Let (¢, s, u) be given by . To begin with,

CLBA, — et/2 0 10 1os ) _ et/? se~t/? '
0 e t? u 1 0 1 uet’? (1 + su)e /2

If a > 0, then ¢!/ = a, se %/ = b, ue’/? = ¢,and (1 + su)e /2 = (1 + bc)/a = d, using that
ad—bc = 1. Thus C, B, A; = G and ¢ bsa, = g.If a < 0, then et/? = —a, se V2 = —b, uet/? = —¢,
and (1 + su)e /2> = —(1 + bc)/a = —d, and hence C, B,A; = —G which yields once again that
cybsay = g. O

Figure 1: (a) Poincaré section (b) Shadowinglemma (c) Anosov closing lemma

We recall the definition of Poincaré sections, shadowing lemma and the Anosov closing

lemma in [11]).

Definition 2. Let z € X and ¢ > 0. The Poincaré section of radius € at z is
P.(z) = {T(geubs) : |u] <e,|s| < e},

where g € G is such that x = I'g (see Figure(a)).
See Figure (b)&(c) for an illustration of the next two results.

Theorem 3 (Shadowing lemma). Ife > 0, 21,22 € X, and x € W5 _(x1) "W} _(22), then
dx (o7 (z1), 05 (z)) < ee forall t€[0,00]

and
dX(Lth(xQ)agoi((x)) < get forall t 6} - O0,0],

recall W (z) = {Tgbs : |s| <e},Wx (z) = {Tgcy ¢ |u| < e}, forany g € PSL(2,R) such that
T'g ==

Theorem 4 (Anosov closing lemma). Suppose that e €10, [, 2 € X, T > 1, and o3 (z) € P.().
Let x = Tg and @ (z) = Tge,bs for g € PSL(2,R), [u| < €,|s| < e. Then there are 2’ € Po.(x) and
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T' € R so that
o (') = 2" and dx (@ (x), 07 (2')) < 2(|ul +|s]) forall te][0,T].

Furthermore,

eT'/Q ¥+ efT'/Q _ eT/Z +67T/2 +U,S€7T/2 (3)

and
T —T

—In(1 4 us)| < 5lusle”T.

Figure 2: (a) An orbit with a self-crossing in configuration space  (b) An orbit with a 3-
antiparallel encounter

See Figure[2(a) for an illustration for the next result.

Theorem 5 (Self-crossings). Suppose that all elements of '\ {e} are hyperbolic and let T € R, L >
0,0 €]0,7, and x € X be given. The orbit of x under the geodesic flow (pi¥), . crosses itself in
configuration space at the time 7, at the angle 6, and creates a loop of length L if and only if

either T'ga,.p =Tga;dg or Tg,, =Tga,d g 4)

holds for any g € PSL(2,R),T'g = Z(x). Furthermore,

0

-L 2 (Y

e~ < cos (2) (5)
The following definitions can be found in [10]].

Definition 6 (Time reversal). The time reversal map T : X — X is defined by

T(z)=Tgd, for z=Tge€X,

where d, € PSL(2, R) is the equivalence class of the matrix D, = ( _01 ; ) € SL(2,R).
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Using Lemmal(l|(a), we have
oX(T(2)) = T(¢*,(x)) for € X and tcR. (6)

Definition 7 (Orbit pair/Partner orbit). Let ¢ > 0 be given. Two given T-periodic orbit c and
T'-periodic orbit ¢’ of the flow (¢ )icg are called an e-orbit pair if there are L > 2, L € Z and
two decompositions of [0,7] and [0,T"] : 0 =t; < --- <ty =Tand 0 =¢t; < --- <t =T,
and a permutationo : {0,1,...,L—1} = {0,1,..., L —1} such that foreach j € {0,...,L—1},
either

dx (o7, (I),gpfitlﬂm(m’)) <e forall te€|0,tj11 —t]

or
dx (thﬂj (z), X (T(2) <e forall te[0,t;41 —t

o(i)+1

holds for some x € cand 2’ € ¢. Then ¢’ is called an e-partner orbit of c and vice versa.

Roughly speaking, two periodic orbits are an c-orbit pair if they are e-close to each other
in configuration space, not for the whole time, since otherwise they would be identical, but
they decompose to the same number of parts and any part of one orbit is e-close to some part
of the other.

Definition 8 (Encounter). Lete > 0and L € Z, L > 2 be given. We say that a periodic orbit ¢
has an (L, €)-encounter if there are € X, z1,...,21 € csuch that foreach j € {1,... L},

either z;, € P.(z) or T(x;) € P:(z).

If either 2; € P.(z) holds forall i = 1,...,Lor 7(z;) € P-(z) holds for all j = 1,..., L then

the encounter is called parallel encounter; otherwise it is called antiparallel encounter (see Figure

2(b)).

3 Main results

3.1 2-Antiparallel encounters

In this section we only consider 2-antiparallel encounters. It is impossible to reconnect the
ports in 2-parallel encounter to get a new (genuine) partner orbit; but in the case of antiparallel

encounter, we have the following result.

Theorem 9. Suppose that all the elements in T"\ {e} are hyperbolic and let ¢ > 0. If a periodic orbit c
of the flow (¢ )ier on X with period T > 1 has a (2,€)-antiparallel encounter, then it has a partner.
Furthermore, let x,y € ¢, & = T'g and T (y) = Lgeub, € Pe(z) for g € G, |u| < e, |s| < & o7 (z) =
y,0 < Ty < T. Then the partner is &'-partner with ¢ = ¢ + 2(|lu — se" 11| + |s — ueTr~T|) < 9¢ and

10
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the action difference between the orbit pair satisfies

r=T_ In (1+ (u—se )(s— ueTl*T))‘ <|(u—se ) (s —uel"T)|e T, (7)

where T" is the period of the partner.

Proof. Let = I'g and write y = 'h with g, h € G and set ¢’ = gd.,h' = hd.,T>, =T —T;. Then
by the assumption 7 (y) = '’ = I'gc,bs or T'h = T'g’b_,,c_; due to Lemma 1 (a). This implies
that w := Th'b_, = T'ge, € Wi (v') N W¥ (2). By the shadowing lemma (Theorem 3),

t

dx (9 (¥), 7" (w)) <ee™* forall te[0,00] 8)

and
dx (e (2), i (w)) < ee’ forall ¢ €| —o0,0]. ©)

Putting & = ¢, (w) = Tgcya_r, = Th'b_sa_7,, we claim that @7 (@) € Ps- (). Indeed,

or(w) = Th'b_sar, =Tg'a_pb_sap, =Tg'b_,.-7, = Thegbyb_ -,
- Fgangcsbu—se’Tl - F(gcuasz)(aTgcfuafTchbu—se*Tl)
= Tgcya_r,(c_ye-r.¢5by go-m) = T(gcua_m,)(c_ye-121 by se-11)

= T(gcua_1,)(cubs)

with

W =s—ue 2, & =u—se . (10)

Apply the Anosov closing lemma (Theorem 4) to obtain v € X, T’ € R such that 7, (v) = v,

T -T

5 In(1+u's)| < 5[u/'s'|le” T,

and
dx (7 (0), 7" (v)) < 2(|u'| + [s']) forall ¢ € [0,T]. (11)

For ¢t € [0,T7], it follows from (9) and (11) that
dx (7 (), 07 (¥)) < dx (@ (v), 97 () + dx (97 (@), 97" (¢))

< dx (97 (v), 97 (W) + dx (97 (977, (W), 07 (971, (2)))

2(Ju'[ +18']) + dx (o 1, (w), 97" 7, (2))

IN

N

2(W | +16]) +e =€

11
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Similarly, for ¢ € [T, T}, it follows from (8) and that

dx (7" (v), 91 ()

dx (07" (v), 01 1, (1)) < dx (9 (v), 07 (D)) + dx (@7 (D), 7 7, (Y))
2(|u/] + |5']) + dx (o1, (w), 010, (1))
2|+ 15']) +e =€

IN

IN

We can easily check that the partner is a ¢’-partner orbit in the sense of Deﬁnition 0
Nhan xét 10. It follows from () and that

(i) T' > T ifand only if (s — ue ) (u — se"11) > 0;

(ii) T' < T ifand only if (s — ue™T2)(u — se~T1) > 0;

(iii) T' = T ifand only if (s — ue=T2)(u — se~T1) = 0.

3.2 An application to Sieber-Richter pairs

A periodic orbit with a small-angle self-crossing has 2 almost mutually time-revered stretches.
This means that the orbit crosses the Poincaré section of a point in this orbit and Theorem [9]
may be applied.

Theorem 11. If a periodic orbit of the geodesic flow (¢7¥),.p on X = T'(D\H?) with the period T > 1
crosses itself in configuration space at a time Ty €10, T and at an angle 6 such that 0 < ¢ < % for
¢ = m — 0, then it has a 6|sin(¢/2)|-partner orbit. Furthermore, T' < T for the period of the partner
and the action difference satisfies

T -T

—In (1 —sin®(¢/2)(cos 2(¢/2) + e "*)(cos®(¢/2) + eTl*T))‘ < 2sin®*(¢/2)e 7. (12)

Proof. Let the orbit of x € X = T!(T'"\H?) be T-periodic (T is the prime period) and such that it

has a self-crossing of angle ¢ in configuration space at the time 77 €]0,7, i.e., we have

90% (X) =Y @%z (Y) =X (13)

where T' = Ty + Ty; see Figure |

Figure 3: Small self-crossing angle and partner orbit

12
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In addition, assume that |¢| < 1 with ¢ = 7 — 6. Then in particular

(N ol _1
)| <« X =
sin (2)‘ =5 < 6 (14)
holds. Set 2 = Z(x) and y = E(y). This follows from Theorem 5|that
I'g=Thdy or T'g=Thd_g (15)

with some h, g € PSL(2,R) such that I'¢ = 2 and I'h = y. We only consider the first case, the
latter is similar. Write 2’ = 7 () and v = T (y); recall the notation 7 from Definition[6] Then

Lgdeg=Thd, =y or Tgd,=1.

We write
dy = cybsar, (16)

where

7 = 21In(cos(¢/2)), u=tan(¢/2), s= —sin(¢/2)cos(¢/2).

By (14), we have

coS <§) > g 17)
Then
lul = [tan(¢/2)| < glsin(sb/?)l =€, |s| = |sin(¢/2) cos(¢/2)| < [sin(¢/2)| <e,  (18)
and

1
7| = | In(1 — sin®(¢/2))| < 2sin*(¢/2) < 552,
due to |In(1 + 2)| < 2|z for |z| < 1/2. Denote § = ¢*_(y). This leads to
T(9) = saf(y’) =Tha_ = Tge,bs € Pe(),

using (6). We are in a position to apply Theorem [J to have v € X and 7" € R such that
©%:(v) = v and the orbit of v is &'-partner of the orbit of 2, where ¢’ is determined later. Note
that

(s—ue ) (u—se ™) = (—sin(¢/2)cos(¢/2) — tan(p/2)e ) x
(tan(¢/2) + sin(¢/2) cos(¢/2)e ™)
= —sin®(¢/2)(cos 2(¢/2) + e 1) (cos*(¢/2) + e 12) <0

13
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implies " < T owing to Remark [0} Furthermore, using (5) and

e sin2(¢/2) < % and e 2 < sin2(¢>/2) < 3716’ (19)
yields
(s — ue 12)(u — se 11| < 2sin?(¢/2)e T
and hence
‘T - In(1— sin?(¢/2)(cos 2(6/2) + e 1) (cos?(6/2) + efTQ))‘ < 2sin’(¢/2)e” "
which is[12} Finally,

et (s —ue | 4 ju— 5T < §| sin(6/2)] + % sin(6/2]) < 6| sin(¢/2)|

by and (19); and therefore the partner is a 6| sin(¢/2)|-partner orbit. 0O

Remark 12. (i) Recall from [11] that the partner is a 9| sin(¢/2)|-partner and the action differ-

ence satisfies

)T’—T

S —n(1= (e T e*<T*T1>)sin2(¢/2))‘ < 12sin®(¢/2)e .

This means that the orbits in a Sieber-Richter pair are estimated closer in this paper and the
estimate of the action difference is also better.

(ii) As mentioned in [13]], the partner orbit is avoided crossing. This means that it does not
cross itself in encounter area. Conversely, a periodic orbit with 2 stretches almost mutually
time-reversed and avoiding crossing has a partner orbit with a small-angle self-crossing in
encounter area. Indeed, since the two stretches are almost mutually time-reversed, there are
x = I'g and y on that orbit such that  and 7 (y) are very close. Using Lemma 1| we write
T(y) = Tgeubsa, with |ul,|s| < e for some small €. Then X (7 (y)) = Tgc,bs implies that
T(z) € P(x) for = = ¢X(y) and we can apply Theorem [9| to obtain a partner orbit for the
original one.

(iii) According to [I1]], if the space X = I'\ PSL(2,R) is compact (or equivalently, ['\H? is

compact) and the crossing angle is small enough then the partner is unique.
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ABSTRACT

In this paper we introduce a family of modules for the q-Brauer algebra, which is induced by Permu-
tation modules of the Iwahori-Hecke algebra. These modules admit a Specht filtration with independent

multiplicities as those of permutation modules of the Iwahori-Hecke algebra.

Keywords: Specht filtration, Permutation module
TOM TAT

Trong bai bdo nay, chiing t6i gidi thigu mot ho cdc mé dun cho dai s6 q-Brauer. Nhitng mo dun nay
dugc xay dung dua trén ho cic mo dun hodn vi ciia dai s6 con Twahori-Hecke, va cé mot day loc Specht

di cdc hé s loc dic Iap tuong tu nhu cdc hé s6 dé trong day loc Specht ciia cdc mé dun hodn vi.

1 Introduction

A well-known result for the algebra of symmetric group and its deformation, the Iwahori-
Hecke algebra, is that over an arbitrary field their permutation modules have Specht module
filtrations with independent multiplicities. However, for any module with Specht filtration this
in general is not true. That is, the multiplicities of filtration are not well-defined, for instance
see ([8], p126). In 2003 Hemmer and Nakano [7] proved a surprising result that in the case of
F having characteristic different from two and three, the multiplicities of a Specht filtration of
a module of the symmetric group algebra or the Iwahori-Hecke are well defined. Afterwards,
by using of stratifying systems Hartman and Paget [6] obtained the same results for classical
Brauer algebras-with a similar set of cases to be excepted like those for the symmetric group
algebra. Since the ¢-Brauer algebra, see [2}[11], is a g-deformation of the classical Brauer algebra
and contains the Iwahori Hecke as a subalgebra, it is natural to ask that such results hold true
for the g-Brauer algebra. That is, the multiplicities of a Specht filtration of a module of the
g-Brauer are also well-defined. So far, this claim has been not proved yet, but we are going to
show an evidence for this via constructing a family of modules with Specht filtrations that have

well-defined multiplicities.

Ngay nhan bai: 12/8/2015 ; ngay nhan dang: 3/5/2016
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2 Preliminaries

2.1 Combinatorics and Tableaux

Throughout, n will denote a positive integer and S,, will be the symmetric group acting

on {1,...,n} on the right. For i an integer, 1 < i < n, let s; denote the transposition (i, + 1).
Then S, is generated by s, s, ..., 5,_1, which satisfy the defining relations

s2=1 forl1 <i<mn;

8;8i4+18; = Si+1SiSi+1 forl<i<n-—1;

8;8j = 8;8; for 2 S |Z —j|

An expression w = s;,;, - - - 5;,, in which m is minimal is called a reduced expression for w, and
{(w) = m is the length of w. Let

S18141---8m  1f L < my
Siom = .
8181_1...8y, 1fl > m.

Let k£ be an integer, 0 < k < [n/2]. If n — 2k > 0, a composition of n — 2k is a sequence \ =
(A1, Ag, - -+ ) of non-negative integers such that [\| = ) ._; \; = n — 2k. The integers )\;, for
i > 1, are the parts of \; if \; = 0 for i > m we identify A with (A1, A2, -, ;). A composition
A is a partition of n — 2k if \; > \;+; for all i > 1. Otherwise, if n — 2k = 0, write A = @ for the
empty composition (partition). The fact that A is a composition (resp. partition) of n — 2k will
be denoted by \ = n — 2k (resp. A - n — 2k), respectively. The diagram of a composition )\ is the
subset
Al ={(@,5) : i >j>1landi>1} CNxN.

If X is a partition of n — 2k, then the diagram [)] is well known as the Young diagram. The
elements of [\] are the nodes of A and more generally a node is a pair (i,5) € N x N. The
diagram [)] is traditionally represented as an array of boxes with \; boxes on the i-th row. For
example, if A = (2,4), then [\] = 1(2,4). Let [A] be the diagram of a composition. A node (i, j)
is an addable node of [A] if (i,7) & [A] and [p] = [A\] U {(4, )} is the diagram of a composition; in
this case (i, j) is also referred to as a removable node of [u|. Let k be an integer, 0 < k£ < [n/2],
and \ be a composition of n — 2k. A A-tableau labeled by {2k + 1,2k + 2,...,n} is a bijection
t from the nodes of the diagram [A] to the integers {2k + 1,2k + 2,...,n}. A given \-tableau
t: [\ = {2k + 1,2k +2,...,n} can be visualized by labeling the nodes of the diagram [)] with
the integers 2k + 1,2k + 2,...,n. For example, if n = 10, k = 2and A = (3,2, 1),

t = oo (20)

[e]a]or
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represents a A-tableau. A \—tableau t labeled by {2k +1,2k+2,...,n} is said to be row standard
if the entries in t increase from left to right in each row; t is called standard if (i) A is a partition,
and (ii) t(i1,71) > t(is,j2), whenever i; > iy and j; > jo. If A is a partition of n — 2k, write
Std,, (\) for the set of standard A-tableaux labeled by the integers {2k + 1,2k + 2,...,n}. If Ais
a composition of n — 2k, we let t* denote the \-tableau in which 2k + 1,2k +2, ..., n are entered
in increasing order from left to right along the rows of [)]. For instance, let n = 10, k = 2 and
A=(3,1,2),

617]

0

th =

[o]oo]en

If X is a partition of n — 2k, then the tableau t* is referred to as the superstandard tableau in
Std,, (A). If t € Std,,(\), we will write A = Shape(t) and, abiding by the convention used in the
literature, Std(\) will be used to denote the set of standard tableaux t : [\] — {1,2,...,|\|}; we
will refer to elements of Std(\) simply as standard A-tableaux. If s € Std,,(\), we will write &
for the tableau in Std(\) which is obtained by relabeling the nodes of s by the map i — i — 2k.

For our purposes, we maintain the dominance order on partitions as in J. Enyang (see [4])

which is defined as follows: if A and p are partitions, then A &> p if either
1. |p| > |A| or
2. gl =1|MNand >0 N > 307 i forall m > 0.

We will write A > p to mean that A > pand A # p.

If t € Std,(A\) and i is an integer 2k < i < n, define t|; to be the tableau obtained by
deleting each entry f of t with f > i. The set Std,,(\) admits an order > wherein s > t if
Shape(s|;) &> Shape(t|;) for each integer i with 2k < i < n. We adopt the usual convention of
writing s > t to mean that s > tand s # t.

The subgroup Soii 1, = (5; : 2k < i < n) C S, acts on the set of \-tableaux on the right
in the usual manner, by permuting the integer labels of the nodes of [A]. For example,

8110

7. (21)

5/6]7]
819] (6,8)(7,10,9) =
10

‘@ OB‘OT

Let A be a partition of n — 2k, define Young subgroup S, the row stabilizer of t* in Saj. 1 ,,. For
instance, when n = 10, k = 2 and A = (3,2, 1), then a direct calculation yields S\ = (ss, s, Ss).
To each M\-tableau t, associate a unique permutation d(t) € Sy, by the condition t = tAd(t).
If we refer to the tableau t in above, then d(t) = (6, 8)(7,10,9) by (21).

2.2 The Iwahori-Hecke algebra of the symmetric group

Let R denote an integral domain and ¢ be a unitin R. The Iwahori-Hecke algebra (over R)

of the symmetric group is the unital associative R—algebra H,, (¢*) with generators g1, g2, ..., Gn—1,
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which satisfy the defining relations

9 = (¢ =g +¢ for1 <i<m;
9i9i+19i = 9i4+19iGi+1 forl<i<n-—1;
9i9; = 9;9i for 2 < |i —j|.

Ifwe &, and s;, s, - - - 5;,, is a reduced expression for w, then

Jw = Gi19is *** Giy

is a well defined element of H,,(¢?) and the set {g,, : w € S, } freely generates ,(¢*) as an
R-module (Theorems 1.8 and 1.13 of [9]). For a convenience later on, let

g+ - 919141---m if { < m;
lLm — .
Jigi—1---9m if { > m,
and
o - 9 GG if 1 < m;
lm —
9 90 if1>m,

for1 <lIl,m <n.

Below we collect standard facts from the representation theory of the Iwahori-Hecke al-
gebra of the symmetric group, of which details can be found in [9] or [10]. If 1 is a composition

of n, define the element

Cy = Z Jo- (22)

ocS,

In this section, let * denote the algebra involution of #,,(¢*) mapping g, + g, forallw € S,,.
If \ is a partition of n, 7)) is defined to be the two-sided ideal in #,,(¢*) generated by

{cgt = g;(ﬁ)cugd(t) :5,t € Std(p), where > A }
The next statement is due to E. Murphy in [10].

Theorem 1. The Twahori—Hecke algebra H,,(¢?) is free as an R-module with basis

(23)

or 5,t € Std(\) and
M= {Cst = g;(s)cAgd(t) f ( ) } .

A a partition of n
Moreover, the following statements hold.
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1. The R-linear involution x satisfies * : cq +— ¢ for all s,t € Std(\).

2. Suppose that h € M, (q*), and that s is a standard \—tableau. Then there exist a, € R, for
t € Std(\), such that for all s € Std(\),

Coph = Z a¢csy mod 7—22. (24)
testd(A)

The basis M is cellular in the sense of [5]. If \ is a partition of n, the cell (or Specht) module
S for H,,(q?) is the R-module freely generated by

{cs = C)\Jd(s) + 7:[:; HERS Std()‘)}7 (25)
and given the right H,(¢*)-action

ch= Y ac, for h € H,(¢%), (26)

teStd(\)

where the coefficients a; € R, for t € Std()), are determined by the expression (24). The basis
is referred to as the Murphy basis for S* and M is the Murphy basis for #,(¢?). Notice
that the H,,(¢*)-module S* is the contragradient dual of the Specht module defined in [1].

Let A and p be compositions of n. A A-tableau of type pisamap T : [\| = {1,2,...,m} such
that i; = [{y € [\] : T(y) = i}| fori > 1. A A—tableau T of type p is said to be row semistandard if
the entries in each row of T is non-decreasing. A A-tableau T of type 1 is said to be semistandard
if (i) A is a partition, and (ii) T is a row semistandard and the entries in each column of T are
strictly increasing. Let T/ be the tableau of type p such that T#(i, j) = i for (i,5) € [p]. If pisa

partition of n, then T# is the unique semistandard p-tableau of type .

-

1]1]1]

Example 2. Let i = (3,2, 1). Then the semistandard tableaux of type p are T = 3531, Bt ,

w(N

@1\2\,BQ\”?’\,@1\1\2\2\,&\1\1\2\3\, and riTizars), as in Example 4.1 of [9]. All the semistandard tableaux
of type pu are obtainable from T by “moving nodes up” in TH.

If ) is a partition of n and 1 is a composition of 7, then the set of semistandard A\-tableaux
of type 1 will be denoted by 7y (), 1). Further, given a A-tableau t and a composition p of n,
then 1(t) is defined to be the A\-tableau of type i obtained from t by replacing each entry i in t
with k if i appears in the k-th row of the tableau t*.

2[3]

2 IEA = (4,3) and t = BB[T, then

Example 3. Letn = 7,and p = (3,2, 1,1), so that t* =
0 = B

Let A be a partition of n and ;. be a composition of n. Let S is a semistandard A-tableau of

BENE
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type i, and tis a standard A-tableau, define in #,,(¢*) the element

Cst = Z Cat- (27)

s€Std(N)
n(s)=S

Given a composition p of n, let M* be the right #,,(¢*)-module generated by c,,. The next state-
ments, which are due to R. Dipper and G. James, and E. Murphy (Corollary 3.4 and Theorem
4.9 of [9]) respectively, are necessary for Section 3.

Lemma 4. Let p1 be a composition of n. Then M*" is a free R-module with basis
{ cugae| ta row standard 1 - tableau }.
Theorem 5. Let i be a composition of n. Then the collection
{csi :S € To(A, p),t € Std(N), for X a partition of n}

freely generates M* as an R—module.

3 The g-Brauer algebra

In the section we recall some facts about the ¢- Brauer algebra that are necessary for the
work. For more details can be found in [2,3}[11]. From now on, we abbreviate the Hecke algebra
of the symmetric group H,, replacing #,,(¢*). The ¢-Brauer algebra is defined combinatorially
as follows:

r—prt

—)"

Moreover, if ¢ = 1, then assume that r = ¢" with N € Z\ {0}. The q-Brauer algebra Br, (12, ¢*)

ﬂ:l’ ﬂ:l’(

Definition 6. Let r and ¢ be invertible elements over the ring R = Z[¢™",r

over R is the algebra defined via generators gi, ga, g3, ..., gn—1 and e and defining relations:

(H) The elements g1, g2, g3, ..., gn—1 satisfy the relations of the Hecke algebra H,,;
r—rt

q—qt

(Ey) e* = e;
(Ey) eg; = gie fori > 2, eg1 = gie = q°e, egae = rqe and eg, ‘e = (rq)te;

(E3) 929391 95 "e(2) = €(2)929391 95, where e(2) = e(g29391 "5 ' )e.

If w € S, is a permutation and w = s;, s;, - - - 5;,, is a reduced expression for w, then
Gw = Gi19is " " Giy,
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is a well defined element in Br, (%, ¢*). Let k be an integer, 1 < k < [n\ 2], the elements () in

Br,(r?, ¢*) are defined inductively by ey = e and by

€(kt1) = €03 95 4191.2KE(k) - (28)

The map = : Br,(r?,¢*) — Br,(r?,¢*) determined by (e())* = e() and (g.,)* = g.—: for all
w € S, is an R-linear involution on the ¢-Brauer algebra, see Proposition 3.12 [2]. For £ is an
integer, 0 < k < [n/2], then

[n/2]
Ju(k) =Y Hue(H, (29)
j=k

is the two sided ideal of Br,(r?, ¢*) generated by the element e(;). These J,, (k) define a chain
of two-sided ideals in Br,(r?, ¢*), that is, a filtration of Br,,(r?, ¢°) by Br,(r?, ¢*) — Br,(r?, ¢*)
bimodules. This filtration has already appeared in our past work, for example see [2].

(0) C Ju([n/2]) € Ju([n/2] = 1) € -+ C Ju(1) € Ju(0) = Bra(r, ). (30)

The g-Brauer algebra has a basis labelled by diagrams of the Brauer algebra. In detail, for d is
a diagram of the Brauer algebra each basis element of the ¢-Brauer algebra of the form g, =
Gu€(k)9uge Where (u,w,v) is a reduced expression of d (see [2], section 3.2 for more details).

Elements v in the above formula are in the set
B = {v € Bi| h = egyvand £(h) = £(v), h € Dy}, (31)

where Dj, ,, is the set of all diagrams h which have exactly k horizontal edges on each row,
horizontal edges in their top row are arranged disjoint from the left to the right, and there is
no crossing between any two vertical edges. For By, see [2], Remark 2.1.

Notice that there are several different versions for the g-Brauer algebra depended on vari-
ous research purposes (see [2} 3} [11} 12, [13]). In this article we work on the one defined in [12],
which was then used in [3] to construct a cellular basis for the g-Brauer algebra. The reason for
this choice is going to be clearly in the next section.

The statement below is a special case of Proposition 4.12 [2].

Lemma 7. Let k bean integer, 0 < k < [n/2]. Ifb € Br,(r*,¢*), u € By, then there exist a(,, ) € R,
for w € Soyy1,n and v € By, such that

e(k)gub = Z A(w,0)€(k) JuwGo  mod Jy(k + 1).

WES2k+1,n
vEBk n

Let k be an integer, 0 < k < [n/2], and p is a composition of n — 2k, define the element
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Ty= D Gos (32)

oeS,

where S, is row stabilizer in the subgroup Soi1 1, of the p-tableau t* as defined in Section
We define

My = ()T = Tu€(k) (33)

which is the analogue to the element ¢, (see (22)) in the Iwahori-Hecke algebra.

If )\ is a partition of n — 2k we denote
A, = {(k,\) | forall 0 < k < [n/2], and )\ is a partition of n — 2k}.
and Z,(k, \) is the set of ordered pairs

Z,(k,\) = Std,(A\) X B, = {(s,u) : s € Std,,(\) and u € By ,,} . (34)

S .
The R-vector space Br, with spanning set

(s,u), (t,v) € Z,,(l,v)
v A for (L), (k,A) e A, |

{xl(ls,u)(t,v) = 9293(5)7”1/9(1(09@

is a two-sided ideal in Br, (12, ¢*). Moreover, J,,(k + 1) C Bvri by Lemma 2 [3].

Theorem 8. [3] The algebra Br, (r?, ¢*) is freely generated as an R—module by the collection

(36)

. (s,u), (t,v) € Z,(k, ), for X a partition
5 m v .
Fula(e) TG of n— 2k, and 0 < k < [n/2]
Moreover, the following statements hold.

1. The involution x satisfies

9u9a(s)MAId()Jv > JuJa(t)MAgd(s) Tu
forall (t,v),(s,u) € Z,(k,\).

2. Suppose that b € Br,(r?,¢*) and let k be an integer, 0 < k < [n/2]. If X is a partition of n — 2k
and (s,u), (t,v) € Z,(k, \), then

* % _ * % 5 A
Galia()MAIa0 G = D Q) GabiaisyMada) e mod Br,, (37)
(t'0)

where age ) € R, (t,0') € T, (k, \), for all (t,v) € T,.(k, N).
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As a consequence of the above theorem, Bri is the R-module freely generated by the

collection

{ngZ(ﬁ)mygd(t)gU 1 (t,v),(s,u) € Z,(l,v), for v > /\)}

Cell modules (or Specht modules) C;) (k) in the g-Brauer algebra are defined to be R-modules
freely generated by

<A
{magags + Bro| (tv) € Tu(kA) | (38)
and given the right Br,, (1%, ¢*) action

DY < A
m)\gd(t)g'ub + B?”n = Z a(t',v')m)\gd(t/)gv/ + B’f’n forb € B’I“n(rQ7 q2)l
(")

where the coefficients a(y /) € R with (t',v")in Z,(k, \) are determined by the expression (37).
The following example illustrates a basis for Specht module.

Example 9. Letn =5,k = 1,and A = (2,1). If j,4; are integers with 1 < i; < j <n — 1, write
tj =1lort; = s;s; 1---8;,s0 that using the algorithm shown in Section 3.3 [2] we get
B275 = {’U = t2t4| tj =1lor tj = 84> 1< 7/] < ] forj S {2,4}}

= {1, 82, S4, 52,1, 54,3, 5254, S2,154, S4,2, S254,3, 52,154,3, S254,2, S4,1, S254,1, 52,154,2, 82,184,1}
and

Bl,5 = {’U = t2t3t4| tj =1or tj = 84> 1< ’L] S] < 4f01‘j € {2,3,4}}

- {1> S2, 82,3, 82,1, 52,153, 52,153,2, S2,4, $2,1534, 52,153,254, 82,183,234,3}'

Since the set of partitions {v |v > A} = {v1 = (3), p2 = (1)}, we obtain as follows:
With vy = (3) an simple calculation yields that the Young subgroup S,, = {1, s3, S4, S354, S453, S45354}

and the set of all standard tableau Std(v;) = { t"* = }. Hence

my, = e(1+ g3+ ga + 9394 + gags + 939493) = e(1 + g3)(1 + g4 + ga93)-

With v, = (1)we have the Young subgroup S,, = {1}, Std(r») = { t"* = 5 } and m,, = e(y).
Now, by Equation the two-sided ideal Bvréz’l) is freely generated as an R-module by the

collection

(39)

vy
(52,u2)(t2,v2)

vy
{m(ﬁlaul)(tla”l),

(t1,v1), (s1,u1) € T5(1, (3))/} _ {ffﬁ,ul)(l,ul)'
(t27U2)7(527u2) 615(27(1)) 1

(I’U‘Q)(lv'b?)

Vi, U1 € 31,5}

x Vg, Uy € BQ75
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In the other hand, we get

Std(A { r s, = r } Sy ={1,s3} and my = e(1 + g3).
The basis of the Specht module C(1, \), of the form displayed in 88), is

{ x(u) =e(1+ 93)9:g0 + Br5 |t €{1,s,}and v € By 5 }, and dimrC(1,)) = 20.

3.1 A Specht filtration of L"

In [7] Hemmer and Nakano proved that in the case p # 2,3 then a module for Iwahori-
Hecke algebra with a Specht module filtration has well-defined filtration multiplicities. After-
wards, Hartmann and Paget stated an similar result for Brauer algebras (see [6], Theorem 8). In
this section, let u be a composition of n — 2k we are going to construct Br,,(r?, ¢*)-modules L*
which admit a Specht module filtration with independent multiplicities. These modules are in-
duced from permutation modules M* of the Iwahori-Hecke algebra. Notice that a Br,, (12, ¢*)-
module M has a filtration by Specht modules (or a Specht filtration) if there exists a sequence
of submodules

M =M >M;>--->My_ 1 >M; =0,

such that every subquotient M;/M; ., is isomorphic to a Specht module C(k, A) for (k,\) € A,,.
The filtration multiplicity is defined to be the number of times a Specht module C'(k, \) appears

as a subquotient.

Lemma 10. If k is an integer, 0 < k < [n/2|, then there is a well defined R—algebra monomorphism
U+ Hy—op — Jo(k)/Jn(k + 1), determined by

Dy 1 go — a Feygo + Tk + 1),

V= 85,8, S, 1sa permutation in Soyiq, and ¥ is the permutation v =

Siy—2kSiy—2k *** Si,,—2k € Sn—_ok. Additionally, the map 0y, satisfies the property
ﬂk(gjgﬁ) = 92k+j19k(gﬁ); whenever 1 < j<n-—2k. (40)

Proof. The R- algebra monomorphism property of ¥; can be checked directly by its definition.
The equation (40) follows from the fact that

Di(9590) = V1(9;)01(gs) = (a " ewygsran) (@ erygo)

_ (2)[3] _
=a gj+2k(€(k))2gv = a F gors e 9o = gartj9k(9s).
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Definition 11. For k£ is an integer, 0 < k < [n/2], and p is a composition of n — 2k, define L* to

be the right Br,(r?, ¢*)-submodule of J,,(k)/J,,(k+1) generated by the element m,, +J,,(k+1).

For )\ a partition of n — 2k, we define

Msy = Z g:l(ﬁ)mkgd(t) for S € 76(>‘7 M) and t € Stdn()‘)7 (41)
s€Std, (A)
p(8)=S
where § is a A\-standard tableaux in Std(\) which is obtained by relabelling the nodes i in s by
i — 2k.
Notice that the element ms; of the g-Brauer algebra defined above is an analogue as the element
cst (see (29)) of the Iwahori-Hecke algebra. The first main result is the following.

Theorem 12. Let k be an integer, 0 < k < [n/2], and let ;1 be a composition of n — 2k. Then L* is free
as an R-module with basis

(42)

{magv Ikt T) forS € To(A, ), t € Std, (A), }

)\l—n—2kﬂ7’ld’UEBk7n

Proof. If b € Br,(r?*,¢*) and u € By, ., then by Lemma there exist a,, , € R, for w € Sojy1,n
and v € By, such that

e(k)gub = Z A(w,0)€(k) JuwGv  mod J(k + 1).

WESakt1,n
vEBy n

In the following, multiplying both sides of the last formula by z, on the left and using the
property (40) we obtain

x,u.e(k)gub = Z a(w,v)mp (e(k)gw)gU mOd Jn(k -+ 1)

wES2kt1,n
vEBk n

Z a(w,v)akxuﬁk(g@)gv mod J,(k + 1)

WES2k41,n
vEBL n

> 0@ (D go)0k(g2)g, mod J,(k+1)

w652k+1,7l UGS#
vEBk n

Z a(ww)akﬁk(( Z 96)95)9» mod J,(k+ 1)

wESakt1,n geS,
vEB,n

Z a(w’v)akﬁk(cug@)gv mod J,(k + 1).

WES2k4+1,n
vEBk n

=

I

IS
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Using definition of M* and Theorem 5} ¢, g, can be rewritten as follow
Cude = Z a(s,t)Csi-
SeTo(M\p)
teStd, ()
Hence,
mugub = Z a(w,v)akﬁk( Z a(S,t)cs{)gv mod J,(k + 1)
wESakt1,n SeTo(A,
UEB:,n té@tdi(%
=q" Z A(w,) Z aes,yVr(csi)ge  mod J,(k + 1)
wES2kt1,n SETo (A1)
vEBL,n teStdn(X)
27)
= oF Z (w0) Z a(syt)ﬂk( Z Cg{)gv mod J,,(k + 1)
WES2k+1,n SETo (A1) seStd(X)
vEBk,n teStd, (N) n(s)=s
23) N
= of Z A (w0) Z s,V ( Z gd(g)cAgd(;))gv mod J,(k + 1)
wESak41,n SETo (A1) 5eStd(A)
vEBkn teStd, () n(s)=s
1q *
= Z O(w,v) Z ags, ( Z gd(ﬁ)e(k)wxgd(t))gv mod J,,(k+ 1)
wES2k41,n SETo (A1) s€Std, (A)
VEBg n teStd, (X) n(s)=s
(1)
= Z A (e,0) Z ags,yMmsig, mod J,(k + 1).
WES2k4+1,n SeTo(A,p)
vEBk n teStd, ()
Thus

Mugub + Jp(k+1) =

Z A(w,v) Z aes,yyMsegy + Jn(k + 1).
wESak+1,n SETo (A1)
vEBK n teStd, ()

(43)
This proves the spanning property of the set (42).

v € By n, by Lemma[7]we get

Now, we need to show that the element ms.g, + J,,(k + 1) in the set lies in L*. Indeed, For
e(k)gv =
uEBy n

Y e gude mod J(k+1).
wWES2k41,n

Multiplying both sides from the left of the equation by g7, 2xg4(), where s,t € Std,,()) and
wu(8) =SforS € To(A, 1), we get
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(gz(s)xkgd(t))e(k)gv = Z Aw,u) (g;(g)x)\gd(t))e(k)gwgu mod J,(k + 1)

wESakt1,n
u€ Bk n
1 *
= d" Z A (w,u) (gd(s)xAgd(t))ﬁk(g&z)gu mod J,,(k + 1)
WES2k41,n
ueBk,n
(40) «
=d Z a(W,u)ﬂk (gd(g)ckgd(i)gtb)gu mod Jn(k + 1)
wESak41,n
u€ By n
23)
& gk Z A(w,u) Ok (C3195) 90 mod J, (k4 1).
WES2k41,n
uEBy n
Hence,
Z (93()TAGd(v)) €(k) G = a* Z A (wu) Z U(c5190)9n  mod Jn(k+1)
SES)Ed,,,,(X) w632k+1,n SES)Ed,,,,(A)
n(8)=5 u€Bik,n n(8)=5
2
& ak Z A(w,u)Uk(Csi90)gu  mod Jp(k + 1)
WES2+1,n
uGBk,n,
piz|
=" Z A e,u) Ik ( Z Cu9d(w))gu mod J,(k+1)
wESak41,n w1 €row standard
uEBy n p—tableau
I
= D Gew D, Tuemaengu mod Ju(k+1)
WESok41,n w1 €row standard
uEBy n p—tableau
3]
= Z A w,u) Z MuGd(w)gu mod Jy(k + 1).
wESak+1,n w1 €row standard
uwEBy n pn—tableau

The last equation and deduce that

MsGy = E (e E MyGd(w)gu  mod Jy(k + 1). (44)
wWES2k41,n w1 €row standard
u€EBy n p—tableau

Thus, ms.g, is in L*. Finally, we need to show that the set is a linear independent set over
R. By Definition (41), the elements {msg,} are linearly independent because they are sums

over pairwise disjoint sets of basis elements in Theorem 0

A demonstration of this theorem is the following example.

Example 13. Letn = 4, k = 1 and p = (1,1). Then m,, = e, J4(2) =< e(3) >, and the set B, 4 is
{1, sq, 8283, S281, $98183, $2818352}. By Theorem 3.13[2] the ¢g-Brauer algebra Br,(r?, ¢*) hasa
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basis

. U,V € By 4, 9 € Homg1 4, Gwr 9u€Gv
gugﬂe(m)g'u -

] u,v € B1’4 andw € H4 . (45)
0<m<2 94€939v, €(2)

Using Definition in[l1/and a direct calculation implies that the Br,(r?, ¢*)-module L* has a
spanning set

U,V € By 4, Gr € Hoppy1 4,
0<m<2

{mugi;gﬂe(mgv + Ju(2) } = {egv + Ju(2), egzgy + Ju(2)| v € Bia}.

In the other word, for ) is a partition of 2, the set of all semistandard \- tableau of type
orderedis To(A, p) = { S1 =[], S == }-
The elements ms, with S; € To(\;, 1) and t € Stdy()\;) are determined as follows.

L If A = (1,1), then Sy, = {1}, Stdy(\1) = { t" =[]} and To(A1, ) = { Si}- So,

Ms e = Z Ja(s)MrGar) = 1-my, -1 =e.
5€Stda(A1)
n(8)=S1

2. If Ay = (2), then S5, = {1,s3} and hence m,, = e(1 + g3). Computing directly yields
Stdy(No) = { " =@ } and To(Az, ) = { So}. Therefore

Msytr2 = Z gz(g)mngd(t) =1-my, -1 =¢e(l+g3).
s€Stda(N2)
n(8)=S2

Observe that both mg, (», and mg,». are linearly independent, and the set

{ mg, ¢ Go + J4(2)7 Mg, x2 Go + J4(2) | Ve Bl74 }

generates the spanning set of L*.
Theorem 14. Let k be an integer, 0 < k < [n/2|, and let y be a composition of n — 2k. Then as a
Br,(r?, ¢*)-module, L" has a filtration

D=Ly >Ly>-->L;>Ls ;=0

such that for i = 1,2, --- | f there exists a partition \; of n — 2k with L;/L; 1 = C. (k). Moreover, for
each partition \; the number of the composition factor C)Yi (k) which appears in the filtration is equal to
the number of semistandard \;- tableaux of type p.

Proof. Let {S1,S2, -+ , Sy} be the set of all semistandard \;- tableaux of type 1, ordered so that
Si € To(Ai, ) and @ > j whenever \; > \;. For i = 1,---, f let L; be the R-submodule of L
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with basis

1<j< fandwv € By,
{msjth+Jn(k+1) =j<f o }

te Stdn()\]), /\j Fn-—2k
Then each L; is a right Br,, (%, ¢*)-module by Theorem [8} Therefore,
Lt =1, >L2>"'>Lf>Lf+1:O

is a Br,(r?, ¢*)-module filtration of L*. Consequently, we consider the R-module homomor-
phism C)i(k) — L;/L;., defined, for t € Std,,(\;) and v € By ,,, by

<\
mx;gd(t)Gv + B’I“n = Ms;tGo + Li+1-

Observe that the surjective property of the map follows from its definition, and both mod-
ules have the same rank. Therefore, the remainder of the proof is to show that the map is a
Br,(r%,¢*) - homomorphism. Using similar arguments which yields {@3), for v € By, and
s,t € Std, (\;) such that u(5) = S; with S; € To(\;, i), we obtain

( Z g:l(w)xkzgd(f))e(k)gib = ( Z g;(q)x)ugd(t)) ( Z a(w,u)e(k)gwgu) mod Jn(k + 1)

s€Stdn(Ai) s€Std,(Ni) WES2k 11,
n(8)=S; n(8)=S; u€Bi,n

a* Y aww( Y. ca)Uk(9e)gn mod J,(k+ 1)

WESk41,n s€Std, (A;)
ueB w(3)=S:

a Y aew Y, On(cige)ga mod Ju(k+ 1)

WES2k41,n s€Std, (N;)
u€By,n n(8)=S;

I3

&

[

a® Z Aw,u) Z i ( Z atlcggl—l—ﬁ)gu mod J,(k + 1)

WES2k41,n s€Std, (N;) t1€Std,(X\;)
u€E Bk n H(8)=Si

Do aww Y an( D ewts) g

WES2kt1,n t1€Std, (\;) sEStd, (X\;)
uEBk,n ,u(§):51

IS

ta* > apw Y. Ok(h)g. mod J,(k+1)

WES2k41,n s€Std, (A;)
UEBk,n H(S)ZS.L

Z a(“’vu) Z Ay, NSty Gu

WES2k 4 1,n t1 €Std, (X))
u€Bi,n

M=

+ a* Z A w,u) Z D (h)g, mod J,(k+1).

wESakt1,n sEStd, (\;)
u€ By n wu(3)=S;
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where a, € Rand h € H)' ,,. Lemmaimplies that 9 (h)g, = a *eyhg, with h € ’HQ,;HW
and hence, ﬁk(ﬁ) gu € Li11. So, by Definition of L;, the last equation can be rewritten

ms.gub = Z (eou) E ay,ms., g mod (Liy). 46)
w€52§+1,n t1€Std,, (Ni)
UEDBk n

By the same calculation showing (44), for \; a partition of n — 2k and t € Std,,()\;), there also
exist the same coefficients a (. .), a;, € R asin (46) satisfying the following equation:

(%2, 9ac)) ek 9ub = Z A(w,u) T, 9d(6)€(k) JuGu moOd Jy(k + 1)

WES2k41,n
uEBy n

1al
= a" Z Uw,u)Ct0%(90)gu  mod J,(k + 1)
WES2k41,n
uEBy n
10}
1 a® Z A(w,u)9%(€190)9e  mod Jy(k + 1)
wESak+1,n
uEBy n
Lo Gt Y ane, +h)g. mod Ju(k+ 1)
WES241,m t1€Std, ()
uGBk,n
i k
= Z (e Z g, €(k)Ct, Gu + @ Z A(w,u)Pk(h)gu mod J,(k+1)
wESz;HFl,n tleStdn(/\i) UJGSQkJrl,n
u€E By n u€EBy n
(33)
= Z Qe Z ag, My, Ga,)gu + a” Z () (h)gy mod J,(k+1).
WESok11,n t1€S5td, (\;) WES2k41,n
u€EBy n u€By

Since J,,(k+ 1) Bvr;\f and 9, (h) € Bvrii. This implies that the equation is equivalent to

DV
My, Gd(t)Jub = Z A w,u) Z ay, My, gt gu  mod Br,". (47)
wESzéC+1,n t1€Stdn(z\i)
UEDk,n

Thus, both and show that the above map is a Br, (72, ¢*) - homomorphism. Then we
get the precise result. 0
The below example illustrates Theorem

Example 15. Let n = 5, k = 1and p = (1,1,1). Then m, = e and the set B 5 is as that of (9).
The set of all semistandard \- tableau of type 1 ordered is

p— p— — [1]2 — [1]3 p—
To(\ 1) ={ & —, Sy —7 53—, Sy = [ }-
Subsequently, the elements ms, with S; € To(\;, 1) and t € Std,,(\;) are determined as follows.
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1. If )\1 = (1,1,1), then S)\l = {1}, Stdn()\l) = {tAl = }and 76()\1,,&) = {Sl} SO,

Ms ¢ = D acStd, (M) g;(ﬁ)mklgd(t) =1-my -1=ce.
p(8)=51

2. If Ay = (2,1), then S,, = {1,s3}, Std,,(\g) = { to = BH, ts = }and To(Ao, p) =
{ 82, Ss}. A direct calculation yields, ms,i, = 1-my, - ga,) = (1 + g3) and ms,,, =
1-my, - Gags) = €(L + g3)ga-

Similarly, ms,, = Gis) " T " Yd(tz) = gse(1 + g3) with s = t3 and

MSyts = Gis) - MAs * Gd(ta) = gae(l + g3)ga with s = t5.

3. If )\4 = (4), then S)\4 == {1,83,34,8384,8483,338483}, Stdn()ul) = { t4 - } and
To(Ag, 1) = { Sa}. Hence, ms,¢, = 1 -my, - gaey) = ma, = e(1 4 g3)(1 + g4 + gags).
A direct check implies that Brs(r?, ¢*)-module L(1:*!) has the basis

{ ms, v + J5(2)) Ms,,00 + J5(2)7 Ms,t39v + J5(2)7 Msyt,Jo + ‘]5(2)a
Msst3 9o + J5(2)7 ms,,9v + J5(2)| IS B1,5}'

Moreover, L(\:1:1) has a Specht filtration of Brs(r?, ¢*)-module
LYY — L) > Ly > Lg> Ly > Ls = 0,

where Li = { ms;tGo + J5(2) | i < ] < 4,t € Stdg)(A]) andv € B1’5} and
Li/Ly 2 C)(1), Ly/Ls = Ls/Ly = C¥V(1), La/Ls = 1D (1).
For an instance, using the example [9| we can see that there is a Brs(r?, ¢*)-isomorphism

(2,1)

from L,/ L3 to C’éz’l)(l) determined by ms,,g,+Ls — e(1+gg)gv+3r52’ and ms,,gv +
(2,1

L3 — e(1+ g3)gago + B?‘?’”. Another one is from L3/L, to C; )(1) determined by

Ms,1,90 + La — e(1+ g3)go + B?‘?’l) and ms,i, g0 + Ls — e(1+ g3)gago + Bvréz’l)-
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ABSTRACT

Let X, Y be a vector space and a Banach space, respectively. Using fixed point methods, we prove the
stability of the solutions of the functional equation f(g(x,y)) = F(f(z), f(y)) where F : Y xY =Y
is a Lipschitz map, g : X x X — X is a homogeneous map with the property g(x,x) = 2x.

Keywords: Functional equation, Banach space, Generalized metric space, Lipschitz map, Ho-
mogeneous function, Fixed point, Generalized Hyers-Ulam stability.

TOM TAT

Cho X, Y tuong ving la cic khong gian vécto va khong gian Banach. Sit dung phuong phdp diém bit
dong chiing toi chirng minh sy on dinh cila nghiém ciia phuong trinh ham f(g(x,vy)) = F(f(z), f(v)),
trong do F : Y x Y — Y la dnh xa Lipschitz, g : X x X — X la dnh xq thudan nhat vdi tinh chit
g(z,z) = 2z.

1 Introduction and Preliminaries

The question concerning the stability of solutions of the functional equation f(g(z,y)) =
F(f(x), f(y)) in Banach spaces was investigated by many mathematicians (see [1]-[3],[5]-[12]).
The origin of the question is the problem raised by Ulam [13]: “Let G; be a group and let G+
be a metric group with metric d. Given ¢ > 0, does there exist a § > 0 such that if a function
h : G1 — G satisfies the inequality d(h(zy), h(z)h(y)) < 6 for all z,y € G, then there exists a
homomorphism H : G; — G, with d(h(z), H(x)) < eforall z € G1”.

If G, G5 are Banach spaces the problem was solved by Hyers [7]. Rassias in [12] and Gajda

in [6] proved a stronger result that states as follows:
“Suppose that E is a real normed space, I is a real Banach space, f : E — F is a given
function, and the following condition holds

Iz +y) = £ @) = FO» < 0lzlE + llwllz), Yo,y € E

for some p € [0;00)\{1}. Then there exists a unique additive function ¢ : E — F' such that

20
If (z) — c(@)]|p < m |lz||% , Yz € E.

Ngay nhan bai: 12/6/2015 ; ngay nhan dang: 11/3/2016
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This phenomenon is called generalized Hyers —Ulam stability. Radu in [11] re-established
the above result by using the fixed point method. After publishing the paper [11] of Radu
many mathematicians employed succesfully the fixed point method to prove the stability of
solutions of many functional equations (see [1], [8], [9], [10]). Particularly, Soon-Mo Jung and
Seungwook Min in [9] proved the following theorem:

1.1. Theorem (S-M Jung and S. Min) Let X and (Y, ||||) be a vector space and a Banach space
over K (either K =C or K =R), respectively. Assume that (Y x Y, ||,) is a Banach space over K,
where the norm |||, is equivalent to the supremum-norm in' Y x Y and satisfies the condition:

[(w, w) = (v,0)[l, < klu—of (Vu,0€Y)

for some real number k > 0.

Let F : Y x Y — Y be a bounded linear map, whose norm denoted by |F|| and ¢ : X x X —
[0; +00) be a given function, satisfying:

F(F(u,u),F(v,v)) = F(F(u,v), F(u,v)) (Yu,v €Y);

(5, 35) < o(x,y) (Va,y € X).

Ifk||F| < 1and a function f : X — Y satisfies the inequality

If(z+y) = F(f(2), f@) < o(x,y) (Vo,y € X) (48)

then there exists a unique solution f* : X — Y of the equation:

flxz+y)=F(f(z), f(y) (49)

such that

1f(2) = f*() ¢(z,z) (Vo e X).

1

T

For the sake of completeness we repeat here the concept of a generalized metric space and
some related propositions.

1.2. Definition. Let X be a nonempty set. A function d : X x X — [0; +o0] is called a generalized
metric on X if and only if d satisfies

(M1) d(z,) = 0 & o = y;

M2) d(z,y) = d(y,z) for all x,y € X;

M3) d(z,y) < d(z,z)+d(z,y) for all z,y,z € X.

A generalized metric space is a pair (X, d), where X is a nonempty set and d is a generalized metric
on X.

Note that the only substantial difference of the generalized metric from the metric is that
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the range of generalized metric includes the infinity. In a generalized metric space the concepts
such as limit of a sequence, Cauchy sequences are the same in a metric space. A generalized
metric space (X, d) is called complete if every Cauchy sequence in X has its limit in X.

The following proposition gives an example of a complete generalized metric space which

will be used hereafter.

1.3. Proposition (see [8]). Let X be a vector space over K (either K =R or K =C) and Y be a
Banach space over K with the norm ||||. Let o : X — [0; +00) be an arbitrary map. Denote by E the set
of all functions h : X — Y. For two arbitrary functions h, g € E we put

d(h,g) = inf {C € [0; +o0] : ||h(z) — g(2)|| < Ca(x) Yz € X}

(if for every positive number C there exists x = x(C) € X such that ||h(x) — g(z)|| > Co(x) then we
have d(h, g) = +o0).

Then (E, d) is a complete generalized metric space.

Proof. Obviously d satisfies (M1), (M2). Suppose that g(.), h(.), k(.) are three arbitrary func-
tions of E. If d(h, k)= +00 or d(g, k)= +oo then automatically we have:

d(g,h) <d(g,k)+d(k,h) = 400

If d(h, k) = Cy < 400, d(g,k) = Cy < +o0 then it follows from the definition of d that for
an arbitrary positive ¢ the following inequalities hold:

[h(z) — k(z)|| < (CL+e)a(z), [[k(z) —g(2)]| < (C2 +e)a(z) Ve X.
Hence
lg(z) = h(@)I| < llg(z) = k(@)]| + [|k(z) = h(2)]| < (C1 + Cy + 2e)a(z) Vo € X.
Thus d(g, h) < C; + Cy + 2¢. By the arbitrariness of £ we have:
d(g,h) < Cy + Cy = d(g, k) + d(k, h).

So d satisfies (M3) and d is a generalized metric on E. Now we are going to prove the
completeness of the generalized metric space (E, d).

Let { f,,} be a Cauchy sequence in (£, d). For every positive number ¢ there exists a number
ng = ny(¢) such that :

min(m,n) > ng = d(fm, fn) < €.

Equivalently,
min(m,n) > ng = || fm(z) — fu(2)]] <ea(x) Ve X. (50)
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The inequality shows that for every fixed z € X the sequence {f,(z)} is a Cauchy
sequence in Y. Because Y is a Banach space the sequence { f,,(z)} converges to the limit f(z) €

Y. So, we have a map:
f:X sz~ f(z)= lim f.(x) €Y.

Hence f € E.In letting n — oo we get:
1fm(2) = f(2)]| < ea(z) (V2 e X, Vm >mn). (51)
By the definition of the generalized metric d, the inequality means:
d(fm, f) <& (Ym =mno).

So, f is the limit of the Cauchy sequence {f, } in the generalized metric space (E,d). By
the arbitrariness of the Cauchy sequence { f,,} we conclude that (£, d) is complete generalized
metric space. 0

The Banach contraction principle has a modification in the complete generalized metric
space setting that states as follows:

1.4. Theorem (see [4]). Let (X,d) be a complete generalized metric space and T : X — X be
a contraction with the Lipschitz constant L € [0;1). If there exists a nonnegative integer k such that
d(T* 1, T*f) < +oo for some f € X then the followings are true:

(a) The sequence {T™ f} converges to a fixed point f* of T’

(b) f* is the unique fixed point of T in the set

X*:{geX:d(ka,g)<+oo};

(¢)Ifg € X then d(, f*) < ——d(Tg,9).

2 The main results

Modifying the proof of Theorem 1.1 (Theorem 3.1 in the paper [9]) the author of the
present paper has proved the following result:
2.1. Theorem. Let X and (Y, ||||) be a vector space and a Banach space over K(either K =C or K =R),
respectively. Assume that (Y x Y, ||||,) is a Banach space over K, where the norm |||, is equivalent to

the supremum-norm in'Y x 'Y and satisfies the condition:

1w, w) = (v, 0)[ly = [(w=v,u=v)[l, <kfu—v] (Vu,veY) (52)

for some real number k > 0.
Let F:Y XY — Y be a map such that:
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)

F(F(u,u), F(v,v)) = F(F(u,v), F(u,v)) (Yu,v €Y); (53)

ii) F is a Lipschitz map. This means there exists a constant L > 0 such that:

1F(u, ) = F (', 0)[| < L[(u, 0) = (o, 0) ]|, = Ll(u—v' o =)l (Vu,0,0',0" €Y). (54)
There exists a function ¢ : X x X — [0; +00), satisfying:
Ty

and there exist functions g : X x X — X and f : X — Y such that:

g(%r, %y) = %g(x,y) (Vz,y € X); (56)
g(z,z) =2z (Vo € X); (57)
1f(g(x,y)) = F(f(z), fW)Il < d(z,y) (Vz,y € X). (58)

If kL < 1 then there exists a unique solution f* : X — 'Y of the equation:

flg(z,y)) = F(f(2), fy) (Vo,y € X) (59)

such that
1f(2) = @) <

1
= kLgb(:z;x) (Vo € X). (60)

Remark. Obviously, a bounded linear map F' : Y x Y — Y with the norm || F'|| is a Lipschitz

map with the constant L = || F||, the function g(z,y) = x +y satisfies (56), (57). So Theorem 1.1
is a special case of Theorem 2.1.

After the proof of Theorem 2.1, we shall show an example of the maps F' and g, which are
nonlinear maps and satisfying the conditions in Theorem 2.1 in the case of X = Y = (>(D),
where D is an arbitrary nonempty set and ¢*°(D) is the Banach space of all bounded real
functions defined on D with the supremum-norm. This example shows that Theorem 2.1 is
truly stronger than Theorem 1.1.

Proof. The proof can be divided into three steps.

1. Put a(z) = ¢(z,z), then « is a map from X into [0;+00). Denote by E the set of all
functions h : X — Y. For two arbitrary functions h,! € E we put

d(h,l) = inf {C € [0;+00] : [|[h(z) — l(2)| < Cafz) = CP(x,x) Ve X}. (61)
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By the proposition 1.3 (E, d) is a complete generalized metric space. Defineamap 7 : £ —
E by

(Th)(z) = F(h(%), h(g)) (Vh € E,¥z € X). (62)

We claim that 7" is a contraction on E with the Lipschitz constant kL < 1. Given h,l € E,
let C € [0; +o00] be an arbitrary constant with d(I, h) < C, that s,

[li(x) — h(x)| < Co(x,z) VreX (63)

By (62) and (52),(54), (B5) we have
I(T0@) = (@h)@)]| = |FUZ).1G) = PG, h)| < LG 15) = k). )|

<kL[15) = n(5)|| S KLCO(S,5) < kLCO(,2) (v € X).

By we get d(T'l,Th) < kLC for every C with d(I, h) < C. This means
d(T1,Th) < kLd(l, h) (64)
and T is a contraction with the Lipschitz constant kL < 1.

Replacing in (B8) z , y by =, and using (55), (57 ) we get
|£65:5) - @H@)| < (5, §> < (a,2) (VreX)
& [If (@) = (THE)] < ¢z, 2) (Va € X) (65)

a(f,Tf) < 1.

Taking k = 0 in Theorem 1.4, then it follows from (64), and Theorem 1.4 that T has a
fixed point f* € E such that

1
1—kL

lim d(T"f, ") =0, d(f,f") < (66)
and f* is the unique fixed point of 7" with d(f, f*) < +oc.

2. Now we assert that

1T )9z, ) = F(T"F)(), (T ) < (kL) d(x,y) (Va,y € X,Vn €N).  (67)
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By (62), G3), (54), and the properties (56), (57), of the functions g, f we have
(Tf)(g(z,y) — F(Tf) (@), (T W)l

9(,y), L, 9(x,y) T Yy oY
= [PudS D sy - rra ) r ). s

— |PUGG D) £ DN — FEGE). FE)LFUG), )|

< L||(£(a5 5 05 5 = (PG SN FUG. A

Ty £ Y ry
< Z Iy = N AN P Z Iy < .
<KL\ 195, 50 = FUGL )| < (k1165 2) < (kL)o(2.y)
So, (67) is true for n = 1. Assume that (67) is true for some n > 1. Then, applying again
and the conditions (53), (54), (55), the properties (56), (57), (58) of the functions g, f we get

(T ) (g, y)) = F(T" ) (@), (T ()|

@ @5, @ @5 - rE G @ NG EEnE. )|

= |F@ NG 5. @ neGL D) - FEW@ NG, @ D). F@ NG HE)|

< L|@ NG 5D T NG 5N = @ DG @ HEN P NG @ HEN|,

<KL||@ N6 D) = FUT NG @ NED|| < KLy 16, %) < (6L)" 6l y)

which proves that is true for n+1. By the induction principle we get the validity of for
alln e N.

3. We finish the proof by showing that
[ (g(z,y)) = F(f*(2), f(y))  (Vo,y € X)

Because F is Lipschitz from (Y x Y, ||||,) into (Y, ||||) we get F' is a continuous map. For a
fixed pair (z,y) € Y x Y, it follows from and the definition of the generalized metric d that

Jim (T f)(g(z, y)) = f~(g(z, )] = 0,
Tim [(7)(@) — £(@)] = 0, Tim (T F)(w) ~ @) = 0.
By the continuity of the norm ||| and of F' ( taking into account the norm in ¥ x Y is
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equivalent to the supremum-norminY x Y and 0 < kL < 1), letting n — oo in (67) we get
0 < f*(g(z,y)) = F(f* (), fW))
— Tim (7" f)(gle,9)) ~ (T @), (T )] < lim (kL) 6(z, ) = 0

& [ (9(z,y) = F(f*(2), *(y))

Because of arbitrariness of the pair (z,y) € Y x Y we receive (59). The estimation (60)
follows from and the definition of the generalized metric d. This completes the proof.

Remarks. i) Let X, Z be vector spaces over R. A map ® : X — Z is called to be homoge-
neous if ®(tz) = t®(x) forall t € R, 2 € X and called to be 0-homogeneous if ®(tx) = ®(z) for
allt € R\ {0},2 € X.

Given a real number p. A map ® : X — Z is called to be p-positively homogeneous if
O(tx) = tPd(x) forall t > 0,z € X.

Now let @ : R? — R be a homogeneous continuous function. We define a map F: (>°(D) x
(>°(D) — (D) by the formula:

F(u,v)(t) = ®(u(t),v(t)) for u,v e l>(D),Vte D. (68)

The map F is well-defined by the continuity of the function ®.
We show that F satisfies the condition (53). Indeed, we have:

F(F(u,v), Fu,v))(t) = ®(F(u,v)(t), F(u,v)(t))

(69)
= O(2(u(t), v(1)), D(u(t), v(t))) = D(u(t),v(t)).2(1,1) (vt € D);
F(F(u,u), F(v,0))(t) = ®(F(u, u)(t), F (v, v)(t))
= B(D(u(d), u(t), 2(v(t), v(t))) (70)

= B(u(t).®(1,1),v(t).8(1,1)) = B(1,1).3(u(t), v(t)) (V€ D).

Comparing (69), we conclude that F(F(u,u), F(v,v)) = F(F(u,v), F(u,v)) for every
u,v € {*(D) and the condition holds for I defined by and Y = (~(D).

ii) If ® : R? — Ris a Lipschitz map when the norm in R? is the supremum-norm then the
map F defined by is also Lipschitz when the norm |||, in £>°(D) x ¢>°(D) is the supremum-
norm and the Lipschitz constants of ® and F are the same. Indeed, if

|@(z,y) — @(z,9)| < Lmax(|z — 7], [y —7])
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then

[1F(u,v) = F(u,0)], = sup D (u(t), v(t)) — 2(u(t), v(?))]
< Lsup max(ju(t) —a(t)], [u(t) — B(t)|) = L max(sup [u(t) — @(t)|,sup [v(t) — B(t)|)
teD teD teD

= Ll|(u,v) ~ @), (u,0,7,7 € (<(D))

where the notation |||, stands for the supremum-norm in ¢*°(D)

iii) If ® : R? — R is a homogeneous continuous function, which has the continuous partial

0@ 09 .
derivatives — 9z’ By in R?\ {(0,0)}, then @ is a Lipschitz map. Indeed, the partial derivatives of
a such function are 0-homogeneous functions, which are continuous in R?\ {(0, 0)}. Therefore,

these partial derivatives are bounded on the circle 2? + y* = 1. Putting

L= sup {' (z y)’ ‘ (:vy)‘}

2/.2_~_yQ:1

and using the 0-homogeneity of the partial derivatives — we get

d 0
ox 3
0P 0P
L= 2 (2, +
L (|G| | g}

By the Lagrange formula it is easy to show that when the norm in R? is the supremum norm ®

is a Lipschitz map with the Lipschitz constant is L. For instance, taking ®(z,y) = 1 v for
(x,y) # (0,0) and ®(0,0) = 0, we have

v o {5 G} -2

and @ is a Lipschitz map with the Lipschitz constant L = 3, if the norm in R? is the supremum-

norm.

iv) It is easy to see that if G : R? — R is a continuous homogeneous function which
satisfies the condition then the map g : (°°(D) x (>°(D) — ¢>°(D) defined by

g(u,v)(t) = G(u(t),v(t)) V(u,v) € (D) x{>(D),Vt € D

satisfies the conditions (56), with X = (°°(D). Without difficulty to observe that the car-
dinality of the set all of such functions G is infinity. One of such functions is the function

G(z,y) = Va3 + Ty3.

In the remarks i)-iv) all affirmations remain true if the space (*°(D) is replaced by the
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space C(D) of all continuous real functions on a compact D.

v) If n : [0;+00) — [0; +00) is a nondecreasing function and ¢ : X x X — [0;+00) isa
function, which satisfies , then clearly the function 7 o ¢ also satisfies . It was remarked
in the paper [9] that if X is a normed space with the norm |||| then the function ¢ : X x X —
[0; +00), defined by

oz, y) = 0(ll=]” + llyl")
for some nonnegative 6 and p, satisfies (55). In fact, every p- positively homogeneous function
¢ : X x X — [0; +o0) withp > 0 satisfies (55). Indeed, if ¢ : X x X — [0; +oc) is a such function
then we have:
Ty 1
0(5:5) = 5 0(,y) < olz,y) (Vz,y € X).

Hence, we get the function n(¢(z, y)) satisfies for an arbitrary nondecreasing function
7 : [0;+00) — [0; +-00) and any p-positively homogeneous function ¢ : X x X — [0; +o00) with
p > 0.

Combining all above remarks now we can state

2.2.Corollary.Let p > 0 and n : [0;+00) — [0;+00) be a nondecreasing function. Let ® : R* — R
be a homogeneous continuous function, which is continuously differentiable in R?\ {(0,0)}. Denote

L = sup { a—(I)(gc,y) a—@(a:,y) } and define a map I : {>(D) x {>°(D) — {>°(D) by the
o2 4y2—1 || O oy !

formula:

+

F(u,v)(t) = ®(u(t),v(t)) for u,v e l>(D),Vte D.

Let G : R* — R is a homogeneous continuous function which satisfies the condition (567) and the map
g : L2 (D) x £>°(D) — £>°(D) defined by

g(u,v)(t) = G(u(t),v(t)) V(u,v) € (D) x{>(D),Vt e D.
Assume that there exists a function f : (>°(D) — £°>°(D) which satisfies
1£(g(u, ) = F(f (u), f ()l < nllulls, +1IvIIE)

where |||| . stands for the supremum-norm in {>°(D). If L < 1 then there exists a unique function
[ 4°(D) — €>°(D) which satisfies

[ (g(u,v)) = F(f*(u), f(v))  (Vu,v € £2(D))

and

) N2 [ully)

The conclusions of the corollary remain true if the space (> (D) is replaced by the space C'(D) of all

(Yu € (D). (71)

continuous real functions on a compact D.
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Proof. Taking X =Y = (°°(D) in Theorem 2.1. Assume that the norm |||, in £>°(D) x £>(D) is

the supremum-norm. We have
1w, u) = (v, o)l = [[(u = v, u = V)|l = max((lu — v [lu —vl) = lu =2l -

So the constant & in Theorem 2.1 is equal to 1. By the remarks i)-v) we get all the hypotheses
of Theorem 2.1 are satisfied, where the Lipschitz constant of F' is L < 1, the function ¢(u, v) =
n(lull%, + |lv]|”,) plays the role of the function ¢ : X x X = (>*(D) x {*(D) — [0;+0oc). The
formula is reduced from the one of Theorem 2.1. 0
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ABSTRACT

In this paper, we consider Rozanova and Levin’s generalizations of Opial’s inequality and extend
them to inequalities in several independent variables. Also, we present some new Opial-type inequalities
in several independent variables on an arbitrary time scales when the endpoints are not necessarily zeros

but generalized zeros.

Keywords: Opial-type inequality, Time scale, Partial differential dynamic equation
TOM TAT

Trong bai bdo nay, chiing t6i xét cic mé rong ciia Rozanova va Levin cho bit ding thitc Opial va
md rong chiing dén truong hop nhiéu bién. Bén canh dd, chiing t6i ciing gidi thigu mot s6 bt dang
thitc logi Opial mdi trong truomg hgp nhiéu bién trén thang thoi gian tiy y khi cdc diém dau miit 1a cdc
khong diém tong qudt.

1 Introduction

In 1960, Opial [13] established the following integral inequality

[ @i <t [Crwpae. 72

where f is absolutely continuous on [0, a] such that f(0) = f(a) = 0. Since then, many general-
izations of Opial’s inequality in various directions by considering powers of f and f’ have
been given. In 1967, Godunova and Levin [8] proved the following results:

If F' is a convex and increasing function on [0, c0) with F'(0) = 0, and f is a real-valued abso-

lutely continuous function defined on [0, a] with f(0) = 0, then

| P @i < F( | |f’<x)|dx). 73)

Let f be a real-valued absolutely continuous function defined on [0, a] with f(0) = f(a) = 0,
and r(z) > 0, [ r(t)dt = 1.1f F and H are convex increasing functions on [0, c0) and F(0) = 0,

e | FUs@bir @i <2r (H (/ <“">H(§E?>|)d)) (74)

Ngay nhan bai: 11/8/2015 ; ngay nhan dang: 27/9/2016
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Later, some multidimentional generalizations of and were given, such as Pecari¢
[16], Pachpatte [15], and Andri¢ et al. [3].

In recent years, the theory of time scales which was introduced by Hilger [9] in order to
unify the study of differential and difference equations, has received a lot of attention. The
readers may find much of time scales calculus in books by Bohner and Peterson [4], [5]. One of
main subjects of the qualitative analysis on time scales is to prove some new dynamic inequal-
ities. Opial-type inequalities on time scales was first proved by Bohner and Kaymakcalan [6]
in 2001 (see also [1]), in which they showed that if f : [0, by — R is delta differentiable with
f(0) =0, then

b b
i [f(z) + f7 (@) f2 ()| Az < b i |f2 (@) A (75)

Afterwards, numerous authors have studied variants of (see, for example, [10], [11], [18],
[19], [20], [21], and [23]]). The best reference here is the book by Agarwal, O’Regan, and Saker
[2, Chapter 3], which summarizes all important papers on this subject.

Although Opial-type inequalities are very classical and well known. However, there is
hardly any result involving functions of several variables and their partial derivatives on time
scales in the case when the endpoints are not necessarily zeros. Thus, the aim of this paper
is to study some integral inequalities for delta derivatives acting on compositions of functions
on time scales which are in turn applied to establish multidimentional dynamic Opial-type

inequalities when the endpoints are generalized zeros.

2 Preliminaries

In this section, a brief list of essential definitions and lemmas which are necessary for our
results are given. For the most part we assume the readers were so familiar with basic time
scales calculus. More information about time scales calculus can be found in [4] and [5]. In
this section, we only present some basic definitions and notations about calculus in several
variables on time scales.

Let T be a time scale, and let 0, p, and A denote, respectively, the forward jump, backward

jump, and delta operator on T. Fix n € N and let T;, where j = 1, ..., n, be time scales, and
A" = Tl X o+ X Tn = {w = (3’11,...,$n) S Xy € TJ for all ] S [1,71]]\]}

be the n-dimensional time scale. For i € [1,n]y, let 0}, p;, and A, denote, respectively, the for-
ward jump, backward jump, and delta operator on T;. The graininess functions p; : T; —
[0,00) are defined by p,(x;) = 0j(z;) —x; for j € [1,n|]n. For @ = (21, ...,2,), 4y = (Y1, .., Yn) €
A", we shall write < y instead of x; < y; for all j € [1,n]y. Analogously one has to under-
stand ¢ = y,z > y and = < y, respectively. We denote by A = (A, ..., A,) the multi-index, i.e.
Aj € Ng = NU{0},5 € [1,n]y. In particular, let 1 = (1,...,1). Leta = (a1, ..., a,), b = (b1, ..., by,),
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o(a) = (o1(a1),...,on(ay)), and o (b) = (o1(b1), ..., 0 (bn)). We set
Q=la,b)={xc A" :a <x <b},

Q/ = [a/,b/] = [az,bg]'ﬂ‘z X o+ X [an,b”]'ﬂ‘”.

We denote by [, f(z)Az (or f:f(a:)Aac) and [, f(z')Az’ for ' € , are n—fold integrals
fjll ff: f(x1, .y xn)Axy -+~ Ay, and (n—1)—fold integral f:f f:: f(xo, .y xn)Azg -+ Axyy,
respectively.
Let f : A" — R. The partial delta derivative of f with respect to z; € T is defined as the
limit
lim f@1, . 0i(x)), oy xn) — f(z1, .0 b, oy 20)

tjﬁa:j 0'($ —t
;70 (2;) J 3) J

provided that this limit exists as a finite number, and is denoted by if(:) If f has partial

of (=)
Ajmj

called second order partial delta derivatives. We write

Pfle) 0 (&f(w)) ?flx) 0 (W(w))
Ajxy )0 DDz Ajay \ A )

2 e
Aja?j Ajx;

derivatives

,J € [1,n]y, then we can also consider their partial delta derivatives. These are

Higher order partial delta derivatives are similarly defined. We set 81AJ;(Z°) = Alf:l’f (g”iwn By

C"l(€Q), we denote the set of all functions f : @ — R which have rd-continuous derivatives
% for j € [1,n]y. A function 7 : Q — Ris said to be a weight on Q if 7 is positive-valued
and rd-continuous on 2. Let us denote by W((2) the set of all weights on 2. Let f : @ — R
be a function. We say that f has a generalized zero (GZ for short) at ¢ € ) provided that
J(@)]e;=c; = 00r (f(@)]2;=c;)(f(®)]e;=0,(c;)) < Oforalli =1,...,n. Letp > 1and 7 € W(Q).
We represent by £E (€, ) the set of all functions f : @ — R of class C"}(Q2) for which f has a
GZ at a, and that [ %PT(:B)A% < oo.

Let m be a positive integer and 0 < R < co. We represent by H'; the set of all functions
F:(—R,R)™ — R such that

1. Fe C'((-R,R)™),
2. F(0,...,0) = 0,and

3. D;F for i € [1,m|y, are non-negative and increasing in each variable on (0, R), where
D; = 8/8tz,l S [1, ’ITL]N for all (tl, . tm) € (—R, R)m

We give some preliminary lemmas that we shall use in Section 3.

Lemma 1. If f : T — R is A—differentiable at x € T*, then

fo(2) = f(@) + p(@) f2 (). (76)
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For f : T — Rand a € T*, we have

o(a)
/ f(2)Ax = p(a)f(a). 77)

Lemma 2. Let p > 1,q > 1 be conjugate exponents, i.e., 1/p+ 1/q = 1. For 7 € W([a,c]) and f €
LY ([a,c], ). Then, there exists §,0 < & < 1 such that (1 —&;) f(x)|2;—a, + & f()|2,=0;(a;) = 0,5 =
1,...,n. By setting x7¢ (x;) = Vifx; € (aj,¢5lr; and x7¢,(a;) = 1 =&, xe(x) = [Tj—4 X, (2;),
Te() = [ xe(t)T (008, Fe() = [ xe (D) o ['7(t) At, then

(@) < F{P (@)1 "(x), =€ [o(a),c]. (78)

Similarly, for 7 € W([e,o(b)]) and f € L ([c,o(b)], 7). Then, there exists 9,0 < n < 1 such
that (]. — nj)f(w)|f5j:bj + njf(w)|xj:o'j(bj) = O,] =1, e, N Let /\jnj (.T]) =1 l'fl‘j € [Cj,bj)’]rj and
Ny (0) = 1y (@) =TTy N (27), @) = 7 A (O 700, By () = [ \g(8) L pr()At,
then

[f(@)] < B/ ()7, (@), @ € [c,b]. (79)

Proof. Since f(x)|4,—a, = 001 (f(2)|2,=a,)(f(®)]s,=0,(a,)) < O0foralli = 1,...,n, it follows that
there exists £,0 < & < 1 such that (1 — &) f(2)|2,—a, + £/ (@)]2,=0,(a;) = 0,5 = 1,...,n. Since
(76) and (77), we have

o1 af(tl, Ty euny I’n)
Aty

f(:l’t) - f(w)|m1=a1 + Aty

al

o1(ar)
@) — F @)oo o) +/ Of (tr,xa, ...,mn)Atl

a Aty
+/ af(tl,:rz,...,xn)Atl
o1(a1) Arty
o 8f(t1,.1‘2,...,$n)
= (1 =&)m(ar) NG

¥ 81 (tl To, ... $n)
. 1 ) ) ’
/a1 X & (tl) A1751 Atl.

+/ 8f(t1,l‘2, "'>xn)At1
ti=aq1 Ul(al) Altl

Similarly, one can show that

fz) — / i Xg(t)azl WAt forall o€ lola) . (80)

Applying Holder’s inequality with indices p and ¢ to (80) yields (78) as required. The proof for
(79) is similar. 0

Lemma 3. [17] Let F € H} and g; : T — [0, R) for i € [1,m|, are delta differentiable on T" such
that g2 are non-negative on T*; then the composite function F(gy(x), ..., gm(2)) is delta differentiable
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on T* such that

[F(g1(), ey gm(2))] Z F(g1(2), ... gm(2)) g2 (z), x € T*.

3 Main results

In what follows, a,b, and ¢ belong to A" such that o(a) < ¢ < b. If f; € LE([a,c],T)
for i € [1,m]y, then x¢, are defined as in Lemma 2| Similar considerations apply to the case
fi € LE(|c, o(b)], 7). We obtain the following theorem.

Theorem 4. Let F' € H' for 0 < R < oo, and f; : a,c] = (—R, R) which satisfies
€ O fi(x
| re@ L s <

fori e [1L,mln. If f; € LL(|a,c],1) forall i € [1,m]y, then

9 fi(x)

[ (ol | 2 ) o

< F( / e (@)|2 Af;(l") Ax, ..., / e (@)|2 izf") Ax) (81)
o(a) 1 o(a) 1

_F(/ Xe, () 8Af;(1x) Ax,...,/ Xe, () 0 Azl(x) Ax).

If f: : [e, 0(b)] = (=R, R) which satisfies [7™ X, (x € L1([e, o (b)), 1)
foralli € [1,m]y, then

[ (X1l 100D 7L ) 2
o(b) 1 o(b) 1

< F( / Ay ()| Af;(f‘) Ax, ., / Ay (@) izfx) Ax) (82)
o(b) 1 o(b) 1

_ F( /b Ay ()2 Af;(f‘) Ax, ..., /b My (@)|2 Z”;f” Ax).

Proof. We give the proof only for the case f; € L1([a,c],1),i € [1,m|y; the proof of the
other case is similar and therefore omitted. Since f; € L. ([a, ], 1), it follows that

fi(w) = /m Xe, (t )alfl(l )

forall z € [o(a),c]and all i € [1, m|y. Let

o) = [ / N0

alfl(t) At for x| € [0’(@1),61]’]1’, 1€ [l,m]N.
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We see that | fi(z)| < gi(zy) for z € [o(a),

[o(a1),c1]r. By F' € H'E, we obtain

/(a) (ZDF(|f1(fl3 |y e | fin( )|)’31fz(w)

< /U(a (ZDiF(gl(azl)),

/C( )(ZDF(Ql 1)
/C )(ZDF(gl 1),

which, in view of Lemma 3} yields

/)(ZDFIfl(mI Ifnta))| LA

o gm(21))Azy

Az, ,/ Xe, (x)

o(a) 81
- F(/ Xgl(w)‘ Af;(lX)

( )FAI (g1(z1), -
O fi(x
—F(/ e, ()| )

which completes the proof.

o(a) O £ (x
AX,...,/ Xgm(w)‘ f ( )

c] and functions g¢;,i € [1,m|y, are increasing on

)Aw

ane0)| 78D ) 2
...,gm(ml))/:a aXif) Aw')Al‘l

agm(ml))agl(il))A Z1,

)Am

81fm (w)
A 1

)
Ax) ,

Ax?

Remark 5. From Theorem [ we can obtain many known results.

1. If T = R, then Theorem 4 becomes [7, Theorem 1] which was established by Brneti¢ and Pecaric.

2. IfT=R,n=m=1,and F is convex on [0, 0), then inequality (81) reduces to (73).

3. Let T=R,n=1land F(zy,...,xm) = |1 - - - 2p,|. Then becomes [[15, Theorem 1].

4. If f(x)|o;—a; = O forall j =1,...,m, then Theorembecomes [17, Theorem 3.1]

The following theorem generalizes Rozanova’s inequality to functions of several vari-

ables on time scales.
Theorem 6. Let F' be a convex increasing function in each variable on [0, 00) with F(0,...,0) = 0,
H;,i = 1,...,m be convex increasing functions in on [0,00), ri(z) > 0,i = 1,...,m on [a, o (b)] and

1@ (2 ) x—lIffzeﬁl([a, e, )N LL([e, a(b)], 1) for all i € [1,m]y, where [a, c]Ule, o(b)] =
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la, o (b)] for some ¢ € (o(a),b), then

Z; (ﬁiDFﬂﬁ& JLJ@D82£0>Ax
<or(a( [ S (e e Jae) (®3)

. ( /:w) rm(w)Hm<xsm(w)A27:;((:;))|8 fon <x>|> x))

Proof. Since F is convex in each variable on [0, 00), it follows from and that

/m (ZDFIfl (s o (0] )ax
<or(y [ " e @, <w>\ Ph0 et | " e @ (@)

By Jensen’s inequality [22], we obtain

31f1(x)

(84)
alfm( )

Ax) :

() 200
" f:(b) xel ))\;';i((m))‘ —al m(m)Ax)

f:(b) i () Ax

2N ()] 2S00
f:(b) Ti(iL')Hi(Xsi( ))\;r((m))l Axt l)Ax
f:(b) ri(x)Ax

<

for all i = 1,...,m, which in view of f:(b) ri(x)Ax = 1 and the increasing nature of H;,i =
1,...,m, we get

1 o(b) 81fi x
5 / Xe, (%) A, (2) Ax(l )| ax
) ! (85)
o(b) )\ 01 £:(x)
S Hi_l / Ti(iB)Hi Xﬁ, (:B) n; ($)| Ax1 | Ax ).
a 2Ti ((E)
Since F is increasing in each variable on [0, o), (85), and we have (83). -

Corollary 7. If f; € L.(la,c],1) N Li([e,o(b)],1) for all i € [1,m]y, where [a,c] U [e,o(b)] =
la, o (b)] for some ¢ € (o(a),b), then
)Ax

[, (S
i o /”(b (@)xe, (), ()

alfz (x)

(86)
31f1( )

P 2/pi
Ax) ,

where C; = 37" xe, (0, (0)s1 7 (@) A1) D7 si(@) > 0, = 1,..ym
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Proof. In Theorem 11} if F(t1, ..., t,,) = t3/2+ - -+ t2,/2, and

o(b)

H) = 02 1 1i(a) = xe, @ @5 @[ e a0 00

a

fori=1,...,m, then (83) becomes (86). O

Remark 8. Let m = n = 1,p > 1. Then becomes a version of Maroni’s inequality on time scales
with endpoints are generalized zeros: if f € L1 (|a,c|,1) N Li([c,o(b)], 1) for o(a) < ¢ < b, then

b o(b) 2/p
/ (a)\f(w)fA(x)IAw§C< / s(xm(:cmw)|fﬂ<x>|mm) , ®7)

where C = 117" xe(8) A, (£)s" =P () A)2XP=D/7 and () > 0 on [o(a), .

a

Moreover, if T = R, then improves and generalizes Maroni’s inequality [12]].

Next, for 0 < R < oo, we denote by G5 the class of all functions G : (—R,R)™ — R

satisfying the following conditions:
(i) G € C*((-R,R)™),
(i) G(0,...,0)=0,and
(i) if x; < yil/pzil/q,() < xi,Yi, 2 < Rfori € [1,m]y, then
0 < D;G(x1,..c,zm) < [D;G(y1, ...,ym)]l/p[DiG(zl, ...,zm)]l/q,
where p, g are conjugate exponents 1/p + 1/q = 1.
Remark 9. If G € G;™, then G € H.

Proof. Let G € G™. For each i € [1,m]y and 0 < x; < y; < R, from (iii) we have

0 S DiG(Qﬁl, ceey Ly eeny Hfm) S [DzG(yl, vy Yiy eeey ym)]l/p[DiG(yl, ey Yiy eeny ym)]l/q
= DiG(Y1y ey Yiy ooy Ym)-

Therefore, G € H. O

Example 10. The functions G(z1, ..., %) = |21|"sign(zy) - - - |z msign(z,,), H(zq, ..., 2mn) =

|21 |7 + -+ |z |V fory; > 1foralli € [1,m]y, and K (21, ...,2,,) = €”* 1 -1 arein GL™.

From on now, we always assume that o, > 0and a4+ 5 > land G € ggm. We have the

following result.
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Theorem 11. Let H;,i = 1,...,m be convex increasing functions on [0,00), ri(x) > 0,i = 1,...,m
on la,cland [ ri(x)Ax =1, w;, 7, € W(la,c]), and f; : [a,c] = (—R, R) be such that

c a+f
/ Xe, ()

PR Aax <R for i€l ml.

Ax1

If fi € LoMP([a, c], ;) forall i € [1,m]y and

B

(x)> Ax} T s

atp

) = Ua@ (Z DGV (R), oo Vin ()] 5200 5 (1)

w[R

is finite, where
Vi) = / Y, (@) (1:(£) =5 At

for x € [o(a),cl,i € [1,m]y, then

/: (i DG )], o | fon )] alfl(") (x))Ax
sl [ < I

A e

Proof. For any « € [o(a),c|] and all i € [1,m]y, we have

O fi(t)
Attt

@) < [ xede)| L0 e (90

Applying Holder’s inequality with indices (a + 8)/(a + 8 — 1) and (a + ) to (90), we get

(/: Xe, (@)(1:(£)) =77 A t) atest

([ et O 1it) Wu(tmt)““

Attt
a+p

= (Vi(w)) . (Ui(w))aiﬁa 91)

a+p3
Ti(t)At, x € [o(a),c], i€[l,my.

| fi()]

IN

where
O fi(t)
Attt

i)~ [ xe @
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Thus, since G € g}g’” from we obtain

DiG(fi(@)], - [ fmn(@)]) < [DIG(Vi (@), .., Vin ()] 555
X DG (U (@), ... U (@))] 75

hence
i DG @) on (@D (@) SLE ()
fﬁ DiG(VA(@), ... V()] 57 ©2)
< DGV @), U @), ()| L) ).

By applying Holder’s inequality for sum with indices (o + 3)/8 and (a + 3)/a to (92), we get

S IDGUA @), - @ xe, @) P )
< (L DO @) e V)50 (w)ng(w)) )
m 1 a+p =T
< (X 6w @) Un@ne @) LD @)™

Integrating both sides of with respect to x over [o(a), ¢] and using Holder’s inequality
with indices (o + )/ and (« + )/« give

' fi(z)|"
Azx?

/ ca) (lml DG @), o | o (@) D] e, (@) wi(w))m

a+/

Ug(a (i [D;G(Vi (@), ..., Vi ()] %, * ()7, (@)Am} =+ (04)
By Theorem [4
[ (L0600 T ) o

< G(/:Xgl(w) il

a+p (95)

O frn(X)
Ax?

Ax?

7i(x)AX, ..., /: Xe, (o)

T (x)Ax) .
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a+p

It follows from Jensen’s inequality [22] and H;,i = 1,...,m are increasing on [0, c0), that
1r
0S| @yax

/ Xe, (@) 3

<p ( / (@), (Xg,i<w>| alﬁfff:)'w”(") ) A))

Since ( is increasing in each variable on [0, co) and (95), and (96), we obtain (89). This concludes
the proof. O

(%)

When m = 1,G(x) = |2|*+" we have the following corollary.

Corollary 12. Let H be a convex increasing function on [0, 00), r(z) > 0on [a, c|and [ r(z)Ax = 1,
w, 7, € W(la,c]),and f : |a,c] — (=R, R) be such that

[ e W

0" fx) 7(x)Ax < R.

Ax1

If f € £ ((ac], ) and

woe [ [ ([ xemmomean) e e twad]

(a)
is finite, then

(e}

PIE) ") Ax

‘ B
I

() ([ (1))

We examine Corollary (12| further in the case when H(t) = t. We obtain the following
corollary.

Corollary 13. Let w,7,€ W([a,c|), and f : [a,c] — (—R, R) be such that
c a+p
[ xet@

" fx) 7(x)Ax < R.

Ax?

If f € £ ((ac], ) and

[, ([ i) ]

(a)
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is finite, then

(o3

PIE) " 0)Ax

‘ B
I

a \7F ¢
: <a+5) Kl/a xe(®)

Remark 14. From Corollary [13|we obtain many known results:

a+p

I Ax.

Ax?

1L.LIT =R, n=2and f(z)z; =a = f(z)|z2 = a; = 0, then inequality (97) imply the
result of Pachpatte given in [14, Theorem 1].

2. Inequality is the same as the ones given in [18, Theorems 2.4] if we take f(a) = 0,

n=1.

Remark 15. Note that whenn = o = 1,8 = p—1,forp > 1, m = 2,H(t) = Hy(t) =
t,G(z1,29) = |2129], fi(a) = fa(a) = 0, w1 = 7, 1 = @[Y7]P/2, where ¢,¢ € W([a, dJr) and ¥
is decreasing on [a, |, we see that inequality improves and generalizes [23, Theorem 3.1].
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NUA NHOM MANH HAU KHAP VA NGHIEM YEU CUA PHUONG TRINH VI PHAN
TREN KHONG GIAN HILBERT]

MaAl THANH TAN™ VA LE QUANG THUAN?
Khoa Toéan, Truong Dai hoc Quy Nhon, 170 An Duong Vuong, Quy Nhon, Binh Dinh.

*Email: maithanhtan@gnu.edu.on

TOM TAT

Chiing téi nghién citu nghiém yéu cila phuong trinh vi phan trén cdc khong gian Hilbert trén co
s¢ xdy dyng khdi nhi¢m nita nhém todn tir manh hau khdp noi cho hé phu thugc thoi gian. Viéc nghién
ctiu nay bat nguon tir mot bai todn phuong trinh dao ham riéng duoc dit ra trong todn cong nghiép.

Tir khéa: Phuong trinh dao ham riéng, Nghiém yéu

ABSTRACT

We analyze weak solutions of differential equations with time dependent parameters in Hilbert
spaces base on construction the concept almost strong semigroups of linear operators. It is also applied
to a partial differential equation arising in industrial mathematics.

1 Gidi thiéu

Gia st H la khong gian Hilbert tach dugc va L(t) : D(L(t)) C H — H, t € [to, T la ho cac
todn tf tuyén tinh déng, xac dinh trit mat trén H (tic 1a tap xac dinh D(L(t)) cta L(t) 1a tap
trit mat trong H). Xét bai toan Cauchy t6ng quat sau

4 _
dyu(t) =Ltu(t)+FEt) 0<ty<t<T, ©8)

U(to) = Ug,

vdi F(t) 1a ham lién tuc gia tri trong H, ug € H.

Bai toan 1a su téng quat héa bai toan Cauchy cho cac phuong trinh tuyén tinh trén
khong gian hitu han chiéu R". Viéc gidi cdc phuong trinh vi phan tuyén tinh dan dén viéc
nghién cttu Iy thuyét nita nhém cdc toan ti trén cac khong gian vo han chiéu tuong tng. Vé ly
thuyét ntta nhom toan ti¥ cting nhu bai todn Cauchy t6ng quét c6 thé tham khao chi tiét trong
[7], trong do, tac gia gidi thiéu chi tiét cac két qua co ban vé nghiém ¢ dién, nghiém “mild”
clia cac phuong trinh véi hé s6 khong phu thudc thdi gian (tic 1a L(t) = L(ty) v6i moi t > t,)
va hé s6 phu thudc thai gian. Trong [2], tac gia gidi thiéu nghiém yéu cho hé parabolic phu
thuoc thoi gian; J. M. Ball trong [?] nghién cttu nghiém yéu cho hé khong phu thudc thoi gian.
Nghiém yéu trong cc cong trinh trén dugc xay dung dya trén cdc nita nhom toan i lién tuc

manh hoéc cac hé tién héa lién tuc manh trén cac khong gian v6 han chiéu tuong tng.

Ngay nhan bai: 15/9/2015 ; ngay nhan dang: 21/6/2016
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Viéc nghién cttu ctia chiing t6i bat ngudn tir mot bai toan cong nghiép. Trong d6, ching
t6i nghién ctru nghiém yéu ctia phuong trinh vi phan véi hé phu thudc thoi gian dya trén cac
hé tién héa lién tuc manh hau khap noi (ntta nhém hau manh).

Tiép theo phan gidi thiéu, bai bao xay dung khai niém ntta nhém manh hau khap va méi
lién quan vdi cac nita nhém manh cting nhu diéu kién ton tai ctia cdc nita nhém manh hau
khép. Khai niém nghiém yéu ciing dugc nhac lai va chung t6i dua ra diéu kién ton tai nghiém
yéu ctia phuong trinh vi phan dya trén nita nhém manh hau khép tuong ting. Cubi cung,
chiing t6i xét mot bai todn phuong trinh dao ham riéng tuyén tinh nhu 1a mét 4p dung cho céac

khai niém trén.

2 Nghiém yéu va nita nhém manh hau khap

Gia str (L(t), D(L(t))) o, 0 < T < 00,1amét ho céc toan tir déng, xac dinh tri mat trén
khong gian Banach H sao cho véiméit € [0, T, (L(t), D(L(t))) 1a phan tt sinh ctia mo6t Cy-nita
nhém (S¢(7)),>o trén H. Trong phan nay, ching t6i gidi thiéu mot sb két qua chinh vé su ton
tai va tinh duy nhét cia ntta nhém hai tham s (U (¢, 7))o<,<t<7 Ung v6i ho cac toan tir dugc
cho trudc (L(t), D(L(1))) << s

(hai tham s6) manh hau khap va nghiém yéu ctia phuong trinh vi phan. V&i méi ¢ € [0, T ki

trén co sd do, chung t6i xay dung khai niém nira nhém toan ti

hiéu || - || p(z()) 1a chuén toan ti trén D(L(t)). Luu y rang (D(L(t)), | - [|p(z())) 12 khong gian
Banach néu (L(t), D(L(t))) la toan i déng.
Xét bai toan Cauchy tong quat trén khong gian Banach H nhu sau

Lu(t) = L{t)u(t) + F(t) 0<ty <t<T,

u(to) = Up,

véi F(t) 1a ham lién tuc gia tri trong H, uy € H.

DPinh nghia 1. Ham u : [ty, T] — H dugc goi la mot nghiém cé dién ctia phuong trinh (138)
néu u lién tuc trén doan [ty, T], u(t) € D(L(t)) v6i ty < t < T, ukha vi lién tuc trén (t,, T] va
théa phuong trinh (138).

Trong phﬁn nay, dao ham riéng theo bién z, véi x 1a bién thuc, duoc ki hiéu bdi 9,. Cac
dao ham bén phai, dao ham bén trai dugc ki hiéu lan lugt 1a 9 va 9, . Cac dao ham bac cao
hon duogc ki hiéu béi 0., Opr, « - -

Dinh nghia 2. Gia stt H 1a mot khong gian Banach. Mot ho hai tham sb cac toan tif tuyén tinh
bi chan (U (t,7))o<r<i<7 trén H dugc goi la mot ké tién héa (mot nita nhom hai tham sb), néu thda
man

@) U(t,t)=1Id, U(t,r)U(r,7) =U(t,7) véimoi 0 <7 <r <t <T;

@) (¢,7)— U(t,7) lién tuc manh trén 0 <7 <t <T.
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Vidu 3. [7, Theo. 5.5.1 va Theo. 5.5.2] Gia st H 1a khong gian Banach va bai toan Cauchy tuyén

tinh thuan nhéat sau

du(t) = L(t)u(t), 7<t<T, (99)
wr)=uy € H, 7>0

c6 duy nhat nghiém c6 dién
t
Uy (1) = g +/ L(r)ury, (r)dr

trén H. Khi d6, ho céac toan ti U (¢, 7)(+) == u,.(t),0 < 7 < t < T la mot hé tién héa trén H.

Hon nita, hé tién héa (U (¢, 7))o<r<t<7 thda man

(1) %U(tﬂ') = L) U(t,7) voimoi0 <7 <t<T, (100)
(i1) %U(?ﬁ7 7)=-U(t,7)L(T) véimoi0<7<t<T. (101)

Hé céc toan ti (U(t, 7))o<r<t<7 nhu trén dugc goi 1a hé tién héa (nita nhém hai tham so)
cac todn tl tuyén tinh lién két voi ho (L(t))o<i<r (hodc lién két véi phuong trinh ). Tuy
nhién, diéu kién vé sy ton tai va duy nhéat nghiém c6 dién ctia phuong trinh thuong rat
nghiém ngat. Chang han nhu, néu (L(t))o<;<7 1a ho cac todn tit tuyén tinh bi chin trén khong
gian H vaham [0,T] > t — L(t) € (L(H), | - ||(x)) lién tuc, thi phuong trinh c6 duy nhat
nghiém ¢4 dién v6i moi h € H, xem [7, Theo. 5.5.1]. Trong d6, (L(H), || - ||r(m)) 12 khong gian
Banach céc toan tit tuyén tinh lién tuc trén H v6i chudn toan ti.

Trong ung dung, nghiém cta bai toan Cauchy tong quat thudng dugc xay dung dua trén
hé tién héa manh lién két v6i hé cac toan tif tuyén tinh twong ing cting vdi cac tinh chét dao
ham riéng ctia chung nhu va . Tuy nhién, trong mot sb trudng hop, cac diéu kién dé
théa man va (101), hodc tinh lién tuc manh ctia ho U(t, 7) theo bién (¢, 7) la rdt nghiém
ngat. Ching tdi gidi thiéu mot khai niém khac, nhiéu tién lgi hon trong viéc xay dung nghiém
yéu ctia phuong trinh vi phan, d6 1a h¢ tién héa manh hdu khdip.

Ké tir day, ta ludn gia sit ho cac toan tit (L(t))s,<+<7 thda man cac diéu kién sau:

Giathiét4. (i) L(t) : D(L(t)) € H — H,t € [ty,T), 1a ho cac toan tit dong, xac dinh tru

mat trén H.
(i) D= Nieity,m) D(L(Y) vaD* == 1y, 7y D(L7(1)) 1 cc tap tri mat trong H.

Dinh nghia 5. Gia st (L(t), D(L(t))) o, 1
trén H sao cho D := No<i<7rD(L(t)) trit mat trong H. Mot ho (U (¢, 7))o<,<t<T CAC toan tif tuyén

la ho céc toan ttr dong, xac dinh mot cach tru mat

tinh bi chan trén H dugc goi 1a hé tién héa manh hau khap (almost strong evolution system) tuong
ung vdi ho (L(t), D(L(t)))

kién sau théa man:

o<t<7 VOi khong gian dduY C D C H, tru mat trong H, néu cac diéu
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() U(t,t) =Idvéimoit € [0,T|,va U(t,r)U(r,7) =U(t,7) véimoi 0 <7 <r <t <T.

@) [, T) >t — U(t,7)u € H,[0,t] 57— U(t,7)u € H lién tuc véi moi u € H va v6i moi
0 <7<t <Tvasupye, <7 [|U(E,7)|| < o0

(iii) U(t, 7)(Y) € D(L(t)) vé6imoi 0 < 7 < T, t € [, T] hau khap, va

t
/ L(r)U(r,m)udr =U(t,7)u—u véimoiueY, 0<7<t<T. (102)

Ta néi ho (L(t), D(L(t))) 12 ho sinh ctia hé tién héa manh hau khap (U (¢, 7))o<r<t<7-

0<t<T

Nhan xét 6. (i) Néu (U(t,7))o<r<i<r théa man Dinh nghia[5] (iii), thi U (-, 7)u khé vi hau khdp noi
trén [, T) véi moi v € Y va 0,U (¢, 7)u = L(t)U(t,7)u hdu khap t € [r,T).
(ii) H¢ tién héa nhu trong [13, Theo. 1] hodc [7, Theo. 5.4.3] la hé tién héa manh hdu khdp.

V6i cac hé tién héa manh hau khap, viéc nghién cttu cac nghiém yéu ctia bai toan Cauchy
trén cac khong gian Hilbert c6 nhiéu tién lgi. Ké tir day, ta xét H la khong gian Hilbert tach
dugc. Xét bai toan Cauchy trén H nhu sau

dy(d) —
Lu(t) = Ltyu(t) + F(t), 0<to<t<T, 103)

u(to) =uy € H,

véi (L(t), D(L(t)))-<i<r nhu trong Gia thiét[|va F € C([to, T, H).

Pinh nghia 7. Ham u € C([t,, T, H) dugc goi la mot nghi¢m yéu cta (103) néu véi moi h € D*
ta co

¢ ¢
(u(t), h) = (ug, h) +/ (u(r), L*(r)h) dr +/ (F(r),h)dr. (104)
to tO
Nhan xét8. (i) Gid st (U(t,T)o<ty<r<t<7 ld hé tién hda théa man

atU(t,to)uO = L(t)U(t,to)’LLo, u eY, te [tQ,T].

Vicicham [1,T)| 3t — U(t,T)ug €Y, uo € Yva [0,T] 5t — L(t) € L(Y, H) lién tuc nén
suy ra ham [ty, T) > t — U(t, to)ug € H kha vi lién tuc. Do do, suy ra U(t, T)ug la mt nghiém

yéu ciia (103).

(ii) Truong hop L(t) = L(to) vdi moi t € [to, T), mdi nghiém mild cila phuong trinh u(t) =
S(t —to)uo + f:ﬂ S(t —r)F(r) dr ciing la nghiém yéu, véi S(t — to)i>, ld Co-nika nhom sinh
bdi L(ty). That vdy, vi (S(t — to))e>t, 1a nita nhom sinh béi L(to) trén khong gian phan xa H
nén (S*(t — t))i>t, ciing la nika nhém trén H odi phan i sinh la L* (ty). Két hop vdi Dinh Ii
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Fubini’s, voi moi h € D*(= D(L*(to))) ta cé

/tt<u(r),L*(t0)h> dr = /tt(S(r — to)ug, L™ (to)h) dr

0

— [:<U0,S*(T—t0)L*(t0)h> d?“+/t /t: <F(T)>1[to,r]5*(7"—T)L*(to)h> drdr

to

= /t<8TS(7‘ — to)ug, h) dr + /t /t (F(1),S*(r — 7)L*(to)h) drdr

= (S(t — to)ug, h) — (ug, h) + < S(t—7)F(7)dr, h> —/t (F(T),h)dr

to

= (u(t), h) — (uo, h) — /t (F(r), h) dr.

Do vdy, voimoi h € D* vat € [ty,T| ta co

(u(t), h) = (ug, h) +/t (u(r), L*(to)h) dr +/t (F(r), h)dr.

Do dé, nghiém mild ciia ciing dong thoi la nghiém yéu.

(iii) Nghi¢m yéu cila bai todn Cauchy trong truong hop hé cdc todn tir phu thudc thoi gian di dugc
nhiéu tic gid quan tdm nghién citu trong truong hop ho cdc todn tir L(t) la sectorial, déu theo
t € [to, T). Tiéu biéu la cic két qua trong [2) Section 7.3]. Tuy nhién, trong mot s6 bai todn 1ing
dung, ho cdc todn tir (L(t))¢>o la khong sectorial.

Pinh 1y 9. Gid sit (U(t,7))o<t,<r<i<r ld hé tién héa manh hiu khdp trén H ving v6i ho cdc todn tir
tuyén tinh (L(t), D(L(t)))t,<t<T va Y nhu trong Dinh nghia Gid st anh xa [to,T] > t — L*(t)h €
H do dugc, bi chin vdi moi h € D*. Khi dd, vdi moi ug € H, u(t) == U(t,to)uo la nghiém yéu ciia
phuong trinh thudn nhat tuong iing vdi ({103).

Chitng minh. V&i moi uy € Y, theo Dinh nghia ii), anh xa [to,T] 3 t — U(t,ty)uy € H lién
tuc. Mat khac, theo gia thiét, anh xa [t;,T] > ¢t — L*(t)h € H do dugc va bi chan véi moi
h € D*. Do d¢, tich phan f:o (U(r, to)uog, L*(r)h) dr httu han véi moi ¢ € [ty, T]. Theo Dinh nghia
Biii), véi moi h € D* ta c6

/ (U(r,to)ug, L™ (r)h) dr = / (L(r)U(r,to)ug, h) dr = (U(t, to)ug, h) — (ug, h).
Do d6, .
(U(t,to)ug, h) = (ug, h) —I—/ (U(r,to)ug, L*(r)h) dr v6imoi h € D*. (105)

V6i ug € H, do tinh tri mat ctia Y trong H, chon day (u,, ),en trong Y sao cho lim,, o u, =
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Up. Ap dung lb cho (uy )nen ta dugc
t
(U(t,to)un, h) = (uy, h) +/ (U(r,to)un, L*(r)h)y dr véimoih € D*,n € N. (106)
to

Vi ||L*(r)h| 7 bi chan trén [0, T] va (U(r, ty))o<s,<r<¢ 12 ho cac toan tif tuyén tinh bi chan trén
H nén theo Dinh 1i héi tu trdi cia Lebesgue, tir (106) ta suy ra

t
(U(t,to)ug, h) = (ug, h) +/ (U(r,to)ug, L*(r)h) dr v&imoi h € D*,
to

hay [to, T] > t — U(t, to)up € H 1a nghiém yéu ctia (103) v6i moi v, € H. O

Nhan xét 10. (i) Truong hop hé khong phu thudc thoi gian, tirc la L(t) = L(to) vdi moi t € [to, T,
phuong trinh c6 duy nhat nghi¢m yéu khi va chi khi todn tit L(t,) la phan it sinh cila Co-nika
nhom trén H. Ve chi tiét, xem [1].

(ii) Truomg hgp hé phu thudc thoi gian khong thuan nhat, viée ching minh la tuong doi phitc tap.

3 Vé mot bai toan phuong trinh dao ham riéng tuyén tinh
Xét bai toan phuong trinh dao ham riéng tuyén tinh sau
Oux(s,t) = 0s(A0x)(8,1) — DDssssx(s,t), (s,t) €[0,1] x [0,T], (107)
v6i diéu kién ban dau
x(s,0) =0, 0Ox(s,0)=0, s€]0,l], (108)
va diéu kién bién

x(1,t) =0, 0:x(l,t) =0, 0sx(0,t) =0, 0sx(0,8) =0, ¢€]0,T]. (109)

Phuong trinh trén bat ngudn tir bai toan tuyén tinh héa phuong trinh xac dinh mé6 phdng sgi
vai roi trong cong nghiép dét, trong d6, x : [0,1] x [0, 7] — R?, m6 ta soi vai tai chiéu dai cung
s € [0,1] va thoi diém ¢ € [0, T). Ham X : [0,1] x [0,T] — [0, 00) md t& cac luc cudng biic véi
diéu kién bién \(0,¢) = 0, € [0, T] va hang s6 b > 0.

Pit X (1) = ( 8;&2)), Khi d6

aix(t) )

dX(t) = (attx(t) Dpx(t)dt )

<(85()\(t)8sx(t)) — b0sss5%(t)

( ( 0 ! d) X(t)) "
Du(A\(1)D.) — beess 0
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Do d6, phuong trinh (107) trd thanh
dX(t) = L(t) X (t)dt, (110)
voi

0 Id\ -
L(t) = (Zz(t) 0 ) 7L(t) = as()‘(t)as) - bassss-

Kihiéu L?(0,1) := L*((0,1); R?) (khong gian Hilbert cac ham binh phuong kha tich Lebesgue
trén khoang (0, ) véi gia tri trong R?, cung véi tich vo hudng thong thuong) va xét cac toan tu
L(t) : D(L(t)) C L*(0,1) — L?(0,1) v6i mién xac dinh

D(L(t)) == {v € H**((0,1); R*)|v théa man ([09) } =: H.?(0,1)

(H™2((0,1); R?) ki hiéu khong gian Hilbert cac ham gi4 tri trong R?, binh phuong kha tich trén

(0,1) ciing vdi cac dao ham yéu cap m). D4t
HY2(0,1) = {u € H**((0,1); R*)|u thda man hai diéu kién bién dau trong (109) }.

Trong H?2((0,1); R?), xét tich vd hudng dugc xac dinh bdi

1
<u’V>H§£\2(071) = b/ (OssUy OssV)eukds, u,v € Hﬁf(O,l).
‘ 0

Xét khong gian Hilbert H := H:*(0,1) x L?(0,1) véi tich v huéng

u; us up U2
= 2 2 H
<<V1)7 (V2> >H <u17u2>H§(: (0,1) +(v1,va)1 (0,0)> <V1)7 (V2> €,

va ho cac toan tir
L(t): D(L(t) C H — H
(lvl) H (i<:>u>’

trong d6 D(L(t)) := H22(0,1) x H2?(0,1) =: D khong phu thude vao ¢ € [0,T]. Xét tich vo
huéng trén D nhu sau

u; us up uz
= 4,2 2,2 D 111
<(v1)’ (vz) >D <u17u2>Hbc o0 <V17V2>Hbc (0,0)> (V1>7 <V2) SR (111)

VG (1, o) gz (g gy = b [ (55511, Dyss )i ds vGi MOi uy, 1y € Hv2(0,1). D& dang kiém tra
duge (D, (-,-)p) 1a khong gian Hilbert tach dugc véi chudn | - ||p := \/(, )p. Trong phan tiép

67



Tép 11, S6 1, 2017 Mai Thanh Tan, Lé Quang Thuan

theo, ta cting s€ ki hiéu

Hp2(0,0) = {uw € HY2((0,0);R%)|
thda man diéu kién (109) va 9,sssu(l) = Ossss5u(l) = 0 }.

Goi C([r,T],D), 0 < 7 < T, la khong gian cac ham lién tuc trén doan [7,T] vdi gia tri
trong D va a la mot s6 duong. Dinh nghia

[ flle = S (If@®lpe="),  feC(r,T),D).

Khi d6, dé dang kiém tra dugc (C([,T],D), | - ||o) 1a mot khong gian Banach.

Nhan xét 11. Gid st A(t) € H>?((0,1);R) vdi moi t € [0,T], sup,co 1) 1A m3.2((0,0)%) < 00,
M0, 8) = A(L,t) = DN E) = DA(0,8) = 0, A(s,t) > 0vdimoi s € (0,1), ¢ € [0,T], vit cdc ham ),
D4\ do duge trén [0,1) x [0, T|. Khi dd, theo [6]], ton tai hé tién héa manh (U (t,7))o<r<i<7 trén H lién
két vdi ho (L(t), D(L(t)))o<i<T théa min:

(@) U, 7)|| < el vdimei0 <7<t <T;

(b) v6i moiw € D7 € [0,T], ;U (t,m)w| = L(r)w odi hiu Khip t € [, T);

(c)véimoiw € Dvat € (0,T], . U(t,7)w = —U(t,7)L(T)w vdi hiu khip T € [t, T).

Hon nita, cling v&i gia thiét trén, ta thu dugc mot s tinh chéat tir ho (U(t, 7))o<r<i< nhu

sau.

Ménh dé 12. Voi méi w € D va v € [0,T) ton tai duy nhit ul, € C([0,T],D) sao cho ul,(t) =
U(t,7)w vdi moi t € [, T). Ngoai ra, ho (U(t,T))o<r<i<7 ld hé tién héa manh hdu khdp trén H tuong
1ing vdi ho ((L(t), D))o<i<T vdi khong gian gid tri ban diu D va thda man

QU(t, 7w = LU (t,T)w vdimoiw € D, t € [r,T). (112)

Chitng minh. Trudc tién, ta chiing minh 0,U (¢, 7)w = L(¢)U (¢, 7)w véi moi w € D, t € [1,T).
Goi (S(t))i>0 la Cy nlta nhém thu hep sinh béi (Ly, D). Theo [7, Theo. 1.2.4 and Theo.
4.1.3), S(t — 7)(D) C D and S(¢t — 7)w 1a nghiém duy nhat ctia phuong trinh

%u(t) = Lou(t), u(r) = w, w € D, vau € C(|r,T],D).
Ta chitng minh rang phuong trinh

%u(t) = L(t)u(t), u(r) =w, w € D, vau € C([r,T],D) (113)

c6 duy nhat nghiém v, va u7,(t) = U(t,7)w v&i moi t € [r,T], trong d6, ho (U(t,7))o<r<t<7 12
hé tién héa nhu trong Nhan xét
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Dé dang kiém tra dugc véi mbi w € Dva 7 € [0,T] anh xa
C([r,T],D) > u+— Jyu e C([1,T],D),

1a xéc dinh, v6i Ju(t) := S(t—71)w+ [* S(t—r)Li(r)u(r)dr, t € [r,T]. Vihan ché cta (S(t))i>o
lén khong gian con D la mot nita nhém thu hep nén véi moi ug, up € C([7,T],D) vat € [1,T]

ta co

t
(5w = Touz)(B)[pe™" < / e St = r)La(r) (un(r) = ua(r)) | pdr
t ! t 02
< 02/ e Nuy (r) — ug(r) [ pe*dr = Caluy — u2||@/ e dr < =lur — up o

Vé&i o > Oy, theo dinh i diém bat dong Banach, ton tai duy nhat u?, € C([r,T], D) sao cho

uy,(t) = S(t—71)w + /t S(t —r)Ly(r)u;,(r)dr.

Hon nita, theo dinh 1i hoi tu trdi Lebesgue va tinh dong cua toan tit (Lo, D), véi moi t € [1,T]

ta co

G® = Lot =yt [ LaS(e =)L () + L ()

=Ly (S(t —T)w + /t S(t—r)Ly (r)u;(r)dr) + Ly (t)uy,(t) = L(t)u,,(t)

va ul, (1) = w. Do d6, u],(t) 1a moét nghiém cta phuong trinh (113) véi ¢t € [7, T]. Tuong tu nhu
trong phép chiing minh cuaa [7, Theo. 5.4.2] ta c6

u,(t) =U(t,7)w véimoit e [r,T)]. (114)

Tir d6 suy ra

U, T)w= L(t)U(t,7)w véimoiw € D, t € [r,T].
Theo tinh do dugc cta L(t), tinh lién tuc manh cta U (¢, 7), cung v6i Nhan xét ii), dang thic
(112) va theo [4, Theo. 4.2.11] ta ¢

t
/ L(r)U(r,m)wdr =U(t,7)w —w véimoiw € D,t € [r,T). O
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cho bai todn t6i wu véc to cé rang bugc.

Tir khéa: Tap bién phan loai mot cAp mot, Phan tich su 6n dinh nghiém, Anh xa nhiéu Henig
ABSTRACT

In this paper, sensitivity analysis in terms of variational sets for nonsmooth vector optimization
is considered. The relations between first-order variational sets, and their proper Henig minima of a
set-valued map and that of its profile map are given. Then, the relationships between the first-order
variational sets of this objective map and that of the proper Henig perturbation map are established.

Finally, applications to constrained vector optimization are obtained.

1 Gidi thiéu

Phan tich su 6n dinh nghiém ctia bai toan t6i wu c6 tham sb c¢6 nhiéu y nghia ca vé ly thuyét
va ing dung. Phan tich su 6n dinh nghiém c6 hai dang la phan tich sy 6n dinh nghiém dang
dinh tinh va phan tich sy 6n dinh nghiém dang dinh lugng. Phan tich sy 6n dinh dang dinh
tinh la khao sat dua ra cac diéu kién du cho tinh ntra lién tuc, tinh Lipschitz dia phuong...ca
ham gia tri t6i vu. Phan tich su 6n dinh dang dinh lugng la khao sat sy kha vi cia ham gia
tri ti wu. Khi ham gid tri t6i wu khong tron, cac tinh chét kha vi stt dung céc loai dao ham
suy rong dugc khao sat. Mot trong nhitng két qua dau tién vé khao sat su kha vi suy rong la
két qua trong bai béo [7]. Trong d6, sit dung dao ham da tri tiép lién , Tanino da khdo sét tinh
chit ctia 4nh xa nhiéu va anh xa nhiéu yéu. Khi xét bai toan t6i wu véc td , nhiéu khai niém
nghiém hitu hiéu da dugc dua ra dé loai trit mot s6 trudng hop bat thuong ctia tap nghiém.
Trong do, khai niém niém nghiém htru hiéu Henig la mét trong cac khai niém nghiém htru

Ngay nhan bai: 15/6/2015 ; ngay nhan dang: 11/3/2016
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hiéu quan trong thuong dugc stt dung. Ngoai viéc ding trong khao sat diéu kién téi uu, khai
niém nghiém hitu hiéu Henig cting dugc dung trong khao sat su 6n dinh nghiém. Trong [6],
tinh chat ctia 4nh xa nhiéu Henig dugc khdo sat st dung dao ham tiép lién cAp mot. Cac két
qua trong [6] da dugc md rong sang cap cao stt dung dao ham tiép lién cip m trong [4]. Trong
[12], stt dung dao ham tiép lién cap hai cac tinh chat kha vi suy rong cap hai ctia anh xa nhiéu
Henig dugc trinh bay. Trong [10], st dung khai niém dao ham theo-tia-tiém-can cip hai nhu
mot diéu kién chudn héa, cac tinh chat kha vi suy rong cp hai ctia 4nh xa nhiéu Henig véi cac
gia thiét ap dung hiéu qua hon cac két qua trong [12].

Khai niém tap bién phan dugc dua ra trong [5] chita dao ham tiép lién va mot sb loai dao
ham da tri khac nén dp dung thuan 1gi hon trong viéc xay dung cac diéu kién can t6i uu ctia
bai todn t6i vu da tri c6 rang budc. Hon nita, tap bién phan ton tai trong nhiéu truong hop ma
cac loai dao ham da tri khéc la rdng nén ap dung hiéu qua hon trong viéc khao sat sy 6n dinh
nghiém cda bai toan tdi uu c¢6 tham sb va cac bai toan lién quan. Trong [2], mot sb phép toan
ctia tap bién phan da dugc ap dung dé khao sét tap bién phan ctia 4nh xa nghiém ctia bai todn
bt dang thiic bién phan c6 tham sb. Tap bién phan cap cao ctia anh xa nhiéu va anh xa nhiéu
yéu ctia bai toan t6i uu hoa c6 tham sb da dugc thiét 1ap trong [1] qua d6 md rong mot s6 két
qua trong [8].

Dua trén nhitng két qua phan tich trén, trong bai bao nay, ching t6i khao sat phan tich
su 6n dinh nghiém st dung tap bién phan loai mot cip mot cho bai toan t6i wu véc to 6 rang
budc. Cau tric bai bao nhu sau. Trong phan 2, mét s6 dinh nghia va kién thitc chuén bi da
dugc nhac lai. Lién hé gitta tap bién phan cap mot, tap diém hitu hiéu Henig ctia anh xa da tri
va trén-anh-xa ctia né dugc néu ra trong phan 3. Cac két qua & phan 3 dugc ting dung cho bai

toan tdi wru véc to va bai toan tdi wru véc to cé rang budc trong phén 5.

2 Kién thitc chuin bi

Cho X,Y va Z la cac khong gian dinh chuén thuc, K C Y 1a nén 16i déng c6 dinh véi phan
trong khac réng. U(x) 1a tap cac 1an can cta diém z,. V&i M C X, intM, clM, M 1an lugt la
phan trong bao déng, va bién ctia M. R, R, va Nlan lugt la tap sb thuc, tap sb thuc khong am va
tap s6 tu nhién. Mot tap 16i B C Y lamoét cd sd ctia K néu 0 € clBand K = {tb,t € R,,b € B}.
Dé thiy K c6 mot co s& compéc B khi va chi khi CN 9B compac . Vi anh xadatri F: X 3V,
tap xac dinh, d6 thi va trén dé thi ctia F' dugc dinh nghia lan lugt 1a

domF := {z € X|F(x) # 0},
gr == {(z,y) € X x Y|y € F(z)},
epiF == {(z,y) € X x Y|y € F(x) + K}.
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Anh xa trén-dnh-xa ctia F' 1a F + K dugc dinh nghia béi (F 4 K)(z) = F(z) + K. Dé thiy
epiF = gr(F + K). Tap A C Y dugc goi 1a c6 tinh troi néu A C Ming A + K.Chiing ta nhac lai
mot s6 khai niém diém hiru hiéu/nghiém ti uu trong toi wu véc td nhu sau. Choag € A C Y.

(i) ap dugc goi la diém cyc tiéu/ diém hitu hiéu dia phuong cta tap A (tuong ting vdi non K),
ki hiéu ay € Ming A, néu ton tai U € U(ao) sao cho

(ANU —apg) N (=K \ {0}) = 0.

(ii) ap dugc goi la diém cuc tiéu/ diém hitu hiéu yéu dia phuong cta tap A , ki hiéu a¢ €
WMing A, néu ton tai U € U(ao) sao cho

(ANU —ag) N —intK = 0.

(i) ap dugc goi l1a diém cuc tiéu/ diém hitu hiéu Henig dia phuong cta tap A , ki hiéu ay €
Hex A, néu ton tai nén 16i C CY véi K\ {0} CintCvaU € U(ap) sao cho

(ANU —ap) N (=C\ {0}) = 0.

Néu U =Y, tit "dia phuong" dugc bé di, nghia 1a ta c6 cac khai niém tuong ting "toan cuc'". Dé
thay
Hex A C Ming A C WMing A.
Mot s6 khai niém dao ham suy rong dugc nhéc lai nhu sau.
Pinh nghia 2.1. Choadnhxadatri F: X =Y, (2, y0) € grF,u € X.
(i) (Xem [3]) Pao ham tiép lién ctia F tai (z9,yo) dugc dinh nghia béi

D(F7 x07y0)(u) = {’U € Y|3tn \L 073(un;vn) — (U,U), Yo + tnvn € F(xO + tnun)vvn}'

(ii) Xem [7]) BDao ham TP cua F at (z¢,yo) € grF’ dugc dinh nghia béi
DsF(zo,yo)(u) ={v € Y| 3, >0, I(up,v,) = (u,v), Yn,yo+t,v, € F(zo+tyu,), thu, — 0}.

(iii) (Xem [5]) Tap bién phan loai mét cAp mot cta F tai (70, yo) dugc dinh nghia béi
Vl(F, xo,Y0) = {v e Y|, | 0,3z, N xo, v, = v, Yo + tyv, € F(xy,),Yn},

vdi z, LN zo nghiala x, — zo va F(z,) # 0.

(iv) Tap bién phan suy bién loai mot cAp moét ctia F tai (z9, yo) dugc dinh nghia béi
VoO(F, 20, y0) = {v € Y|3tn L 0,32y 5 20,30 > 0,

F(xn) — Yo
t 7)\nyn — y})‘

n

Jyn €
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Pinh nghia 2.2. (Xem [3]) Anhxa F: X = Y duoc goi 1a tinh quanh 2y néu ton tai U € U(z)
va M > 0 sao cho
F(z) C F(z) + M||x — x|| By Yz € U,

véi By la hinh cau don vi trong Y.

3 Tap bién phin ctia 4nh xa da tri

Trong phan nay, lién hé gitra tap bién phan cap mot, tap diém httu hiéu Henig ctia anh
xa da tri va anh xa trén-anh-xa ctia né dugc trinh bay. Trudc hét, ching t6i dua ra khai niém
compéac suy rong nhu sau.

DPinh nghia 3.1. Cho F : X — 2Y, (20,) € grF. F duogc goi 1a compac bién phan loai mot

bac nhit tai (z0,Y0) néu véi moi day ¢, | 0, z, LN xo va voi moi day y,, — y véi
Yo + tnyn € F(mn)7

thi day y,, c6 mot day con hdi tu.

Ménh dé 3.1. Néu F la compic bién phin logi mt bic nhat tai (xo,yo), thi

VI(F7x07yO) +K - VI(F+K7x07yO)'

Chitng minh. Trudc hét, hé thic
Vl(F7$07yO)+KQVI(F+K7m07yO)7 (115)

1a truong hop dac biét cia Ménh dé 3.1 trong [1]. D€ thuan tién, chitng minh dugc trinh bay lai
nhu sau. Lay y € V1(F, 20, y0) + K. Khi d6, ton tai v € V1(F,zp,y0) vak € K saochoy = v + k.
Do v € VY(F,zo,y0), tdntait, | 0, x, £ zo va v, — v sao cho

Yo + tpv, € F(z,),Vn.

Do 49,
Yo + tn(v, + k) € (F + K)(z,),Vn.

baty, = v, + kthiy, —» y,nény € VI(F + K, 20, y).
Bay gid ta chitng minh chiéu ngugc lai ctia hé thue (115). Ly y € VI(F + K, 20, ). Khi
d6, tdn tai t, |0, x, = 20, v, — v va k, € K sao cho

Yo + tu (Ve — kn) € F(a),Yn.
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Vi Fla compéc bién phan loai mot bac nhét tai (z0,%0), nén v, — k, — v (léy day con néu can).
Do do,
v € Vl(Fv xOvyO)a (116)

va k, = v, — (v, — k,) = v — v/, cung v6i tinh déng cua K, dugc
v—2v eK. (117)

Tu ({116), (117), tacé v € VI(F, x0,y0) + K. 0

Vi du sau cho thdy gia thiét compac bién phan ctia F 1a can thiét.

Vidu3.l. Cho X =R,Y = R? K = R?, (20, y0) = (0, (0,0)) va dnh xa F xac dinh bdi
+

Fla) - { {0}, ifz=o,
{(_17 _2)}a if 7é 0.

Chung ta c6 thé kiém tra rang F' khong compac bién phan loai mot bac nhét tai (g, yo). Tinh
toan tryc tiép ta c6
Vl(F? Zo, yU) - {(Oa O)}7

Vl(F+K7x07y0) - RQv

Do do,
Vl(FaxmyO) +K 7é Vl(F—|-K,J,'0,y0).

Ménh dé 3.2. Néu F la compic bién phin logi mgt bic nhit tai (o, yo), thi

Heg V' (F, 20, y0) = Heg V! (F + K, 20, yo)-
Chitng minh. Theo Ménh dé 3.1, ta c6

V(F,20,y0) + K = VI(F + K, 20, 40). (118)

DAu tién, ching ta chitng minh bao ham thtc

Heg V! (F, z0,40) C Hex V! (F + K, z0,10). (119)
Lay v € Hex V™ (F, 20, yo). Khi d6, ton tai nén 16i C véi K\ {0} C intC sao chov € Minc V! (F, g, yo).
Ta chiing minh v thudc vé phéi (119) tuong ting v6i cting nén C. Gia thiét phan ching ton tai
w € VY(F,z0,y) withv —w := ¢ € C\ (=C). Theo (118), ton tai w' € V'(F,x,y,) sao cho
w—w' := k' € K.Diéu nay dan dén mau thudn:

v—w =c+k eC\(-C)+ K CC\(-O).
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Dé chitng minh bao ham thitc ngugc lai ctia , lay v € Heg VI (F + K, zy, yo) tuong tng véi
C,nghialav € Minc V' (F + C, 0, y0). Theo (L18), tdn tai v’ € V' (F,z0,0) € V'(F + K, 0,0)
saochov —v' := k' € K.Néu k' € K\ {0} C intC, thiv & MincV(F + C, 20, y), ddn dén mau
thudn. Do d6, ¢ = 0vav € VI(F,zg,y). Do d6,

v € Heg VH(F + K, 20,y0) N VH(F, 20, y0)-

Vay, véi cung nén C, ta c6 v € Heg VI (F, x¢, o). O
Nhan xét 3.1. Gid thiét "F la compac bién phan loai mot bac nhét tai (zo, )" trong Ménh dé
3.1 va Ménh dé 3.2 ¢6 thé thay bang mot trong céc gia thiét sau:

(i) K c6 mot co sd compac va VI (F + K, xy,yo) 6 tinh troi,

(ii) K c6 mot co s& compac va VoW (F,zy,y0) N (—K) = {0}.

4 Ung dung cho bai toan t6i wu véc to c6 tham s

Trong phan nay, cac két qua trong phan 3 dugc 4p dung cho bai toan toi uu da tri c6 tham

4.1 Bai todn tdi wu véc to

Cho U, Y la cac khong gian dinh chudn. U 1a khong gian cac tham s6 nhiéu, Y la khong
gian muc tiéu dugc sap thi tu bdi nén 16i déng c6 dinh véi phan trong khéc réng K va F :
U =Y. Dinh nghia 4nh xa nhiéu HenigH : U = Y véi

H(u) = Heg F(u).

Chung ta sé khao sat lién hé gitta tap bién phan ctia I va tap bién phan ctia H va quan hé gitta
tap diém cuc tiéu Henig ctia cac tap nay.

Dinh nghia 4.1. F dugc goi la K-troi bdi H gan ug néu F(u) C H(u) + K, véi moi u trong mot
lancan U € U(uo).

Nhan xét 4.1. Gia stt yy € H(u) va F dugc goi 1a K-tr6i bdi H gan u, thi

VHF + K, ug,y0) = V' (H + K, uo, o).

Ménh dé 4.1. Néu F la K-trdi bdi H gan uy va F la compic bién phan logi mot bic nhit tai (uo, yo)
thi
Her V' (F,x0,40) € V' (H,20,10)-
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Chitng minh. Vi H(u) C F(u),Vu € U, nén H la compéc bién phan loai mot bac nhét tai (ug, o).
Do d6 ta co

HeKvl(FaUanO) HeKvl(F+K7u07yO)
HeKvl(H + K7 u07y0)
= HexV'(H,u0,10)

g Vl (Hv Ug, yO)

O day, ding thiic thir nhat va thit ba do Ménh dé 3.2, va déng thtic thi hai tir Nhan xét 4.1. O
Vi du sau minh hoa cho két qua trong Ménh dé 4.1.
Vidu4.1l. ChoU =R,Y = R? K = R, (u, %) = (0, (0,0)) va F duogc dinh nghia b&i

F(u) = {u} x [2[u], +00).
Khi d6, H(u) — {(u, 2Ju|)}. Ta c6
VI (F,u0,90) = {(y1,42) € Yyz = 2|1},

VY H, uo,y0) = {(y1,y2) € Yyo = 2|y1 ]}

C6 thé kiém tra dugc tht ca cac gia thiét trong Ménh dé 4.1 déu thda. Tinh toan truc tiép ta c6

Hex V! (F, ug, yo) = Hex VI (H, w0, yo) = {(y1,92) € Yy < 0,92 = 2|y1|}.

4.2 Bai toan t6i wu véc to cé rang budc
Trong muc nay, gia st U, W, Y 1a cac khong gian Euclide véi chuan thuong, K C Y lanén
16i dong c6 dinh vdi phan trong khac réng, ham véc to kha vilién tuc f : W x U — Y va anh
xadatriX : U =WvaG :U =Y xac dinh béi
F(u) = f(X(u),u) ={y €Yy = f(z,u),z € X(u)},ueU.
Chung ta xét bai toan tdi uu véc td c6 rang budc tham sb hoa (xem [8]) nhu sau

(Pu) Heg{y € Yy = f(z,u), 2 € X(u)} = Hegx F(u),

v6i  1a bién quyét dinh, u 1a tham s6 nhiéu, f 1a ham muc tiéu, X 1a 4nh xa rang buoc va F 1a
anh xa tap nghiém chip nhan dugc. Dinh nghia X : U x Y = X

X(u,y) ={x e Wz e X(u),y= f(z,u)}.
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Ménh dé 4.2. Cho uy € U,zy € X(uo), yo = f(z0,uo) va f la ham khd vi (Fréchet) lién tuc tai
($0, UO). Khi dé, i moz uwel,

U V (o, up)(z,u) C VH(F, ug, xp). (120)

2€DX (up,z0)(u)
Hon nita, néu cdc gid thiét sau théa mén
1) X la tinh gﬁn (o, yo) va X(uo, Yo) = {zo}
(i) DsX (ug,z0)(0) = {0}
(iii) DSXfl(xo,uo)(O) = {0}

thi bao ham thitc ngueoc lai cila (120) ciing thoa man.
Chitng minh. Lay v thudc vé trai cta (120). Khi d6, ton tai * € DX (ug,20)(u) sao cho v =
V £ (20, u0)(x,u). Viz € DX (ug,z)(u) nén ton tai day ¢, | 0 va day (u,,z,) — (u, ) sao cho

xo + thx, € X(ug + thuy).

Khi d¢,
f(xO + tnxna Uo + tnun) S F(U'O + tnun)

Tir gid thiét f 1a ham kha vi lién tuc tai (20, ug), ta cod

f(@o,uo) + 6,V f (20, wo) (ns un) + o(tn | (2n, un)) € Fuo + ).

Suy ra
Yo + tn (Vf(m07u0)($n,un) + O(tn”(xtn’un)n)) € F(UO + tnun)
Do
Vo, u0) e ) + LWL @ ) o),
nén

V f (w0, uo)(x,u) € DF (ug, yo)(u) C V' F(uo, yo).

Bay gid, ta chiing minh chiéu nguoc lai cta (120). Lay v € V1 F(uq, yo). Khi d6, ton tai day

t, L 0vau, LN ug va v, — v sao cho
Yo + tnvn € Fun) = f(X(un), tn).
Do dé, ton tai &,, € X (u,) sao cho v&i moi n,
Yo + tavn = f(Tn, tn)-
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Tir gid thiét (i), do z,, € X(un, Yo + t,v,), nén ton tai L > 0 sao cho
|zn — 730” < LH(UnayO + thvn) — (uo, Z/O)H-

Cho n — oo, tir hé thirc trén ta ¢6 x,, — xq. Dat

ta co

Up = Ug + taln, Tn = To + thZn € X (uy)

Yo + tatn = (@0 + tnTn, wo + toTy). (121)
Khi d6, {u,} sé c6 mot diy con hoi tu. That vay, gia thiét phan ching |ju,, || — co. Dat
Un

Unp

x
Tp = 771 yI'm = tn'lﬂn”v
[ |

[l

ta c6 |[@,|| — @ c6 chudn bang moét, &, — 0,7, > 0 va
ug + thun, € X H(wo + rpZy).

Suy ra @ € DgX (0, u0)(0), mau thudn vdi (iii). Do d6, {u,,} sé c6 moét day con hoi tu, gia su
cingla {u,}, dénu e U. T gia thiét (i) va 2o + t,2, € X(ug + ta,), ching minh tuong tu ta
c6 T, hoi tu dén 7 € D(ug, x0) ().

Mat khac, tir va tinh kha vi cta f, ta cé

1
Yn = o (f (o + tan, uo + taun) — yo) = V (20, u0)(Z, ).
Do, y, — y, tacé y = V f(xo,u)(Z, %), nén y thudc vé trai ctia (120). O
Vi du sau cho thay, bao ham thic (120) thuc sy la ngat néu tinh tinh ctia X gan (uo, yo)

khong xay ra.
Vidu4.l. ChoU=W =Y =R, K =Ry, f:RxR— RvaX : R =R dugc dinh nghia bdi

f(x,u) - ‘Tgv X(U) - {u}

va ($07 uO) - (070) Khi dé, Yo = 0/

F(u) = {u"}
j‘(:(u )7 {\/y}v néuy:u27
e 0, truong hop khac.

Dé théy cac diéu kién (ii), (iii) trong Ménh dé 4.2 déu théa nhung X khong tinh gan (ug, yo). Ta
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O Vf(x,u) = (22,0),Vf(xo,u) = (0,0), Vf(xo,uo)(x,u) =0,
DX (uo, o) (u) = {u},

‘/1(F7u07y0) - R-I-'

Do do, véi moi u,

U Vo, uo)(@,u) = {0} SV (F,uo,0).

€D X (uo,z0)(u)

Két hgp két qua trong Ménh dé 4.1 va Ménh dé 4.2, ta c6 két qua sau.
Ménh dé 4.3. Chouy € U, 20 € X (uo), yo = f(20,u0) va f la ham khd vi lién tuc. Néu cdc gia thiét
sau théa
(i) X la tinh gan (uo,yo), va X (uo, yo) = {20}
(ii) Ds X (uo, x0)(0) = {0}
(iii) Dg X (0, u0)(0) = {0}
(iv) F la K-tréi bdi H gan uo va F la compic bién phan logi mt bac nhdt tai (ug, yo),

thi, vdi moi v € U,

Heg U V£ (2o, uo)(x,u) | € VHH, ug,z0).

€D F(uo,z0)(u)

Két qua trong Ménh dé 4.3 dugc minh hoa trong vi du sau.
Vidu4.2. ChoU=W =Y =R, K =Ry, f:Rx R — Rva X : R = R dugc dinh nghia bdi

{r e W|z =u}, néuu>0,

r,u) =z, X(u) =
f(@,u) (u) { 0, truong hop khac,

va (xo,up) = (0,0). Khi d6, yo = 0,

Yy = bu u >
Flu) - {yeY|y=u}, néuu>0,
0, truong hop khac,

H(u) = F(u),

)A(:(u )7 {y}a néuy:u,uzo,
e 0,  truong hgp khac.

Dé thay V f(z0,up) = (1,0) va cac diéu kién trong Ménh dé 4.3 déu thoa. Ta cé

{u} néuwu >0,

Vf(xo,u)(z,u) =z,
0,  truong hgp khac, fleo, wo) ()

DX (ug,z0)(u) = {
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Vl(Ha u07y0) = R+'

Do d6, v8i moi u > 0,

Heg U Vf(zo,uo)(x,u) | = Heg{u} = {u} € V(H,uo,y0).

€D F (uo,zo)(u)

5 Kétluin

Trong bai bado nay, chiing t6i da phan tich sy 6n dinh nghiém st dung tap bién phan loai

mot cap mot cho bai toan t6i uu véc to ¢6 rang budc. Lién hé giita tap bién phan cap mot, tap

diém httu hiéu Henig ctia 4nh xa da tri va 4nh xa trén-anh-xa ctia né va lién hé gitta tap bién

phan ctia ham muc tiéu va anh xa nghiém httu hiéu Henig dugc thiét lap. Cubi cung, cac két

qua dugc ing dung cho bai toan tdi wu véc to cé rang budc cé tham sb. Mot cach tur nhién

cac két qua trong bai bdo nay c6 thé md rong sang cho tap bién phan loai mét cap cao va tap

bién phan loai hai cip cao dugc dinh nghia trong [4] bang cach st dung khdi niém dao ham

theo-tia-tiém-can cap cao dugc dinh nghia trong [9], [10]. Hon nita, c6 thé tim thém diéu kién

dé c6 bao ham thtic ngugc lai trong két luan ctia Ménh dé 4.1 va 4.3. Cac két qua md rong nay

da dugc chung t6i thuc hién trong bai bao [11].

10.
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ABSTRACT

A modified Chi-squared type tests based on Nikulin-Rao-Robson statistic Y,? is developed for the
Generalized Birnbaum-Saunders distributions with unknown parameters by using the maximum likeli-
hood estimators (MLE). We study the power of the test against some alternatives for equiprobable group-

ing random intervals.

Keywords: Birnbaum-Saunders distribution, Fatigue life distributions, Generalized Birnbaum-
Saunders distributions, Maximum likelihood estimators, Modified Chi-squared tests, Pear-

son’s Chi-squared tests, Powerful
TOM TAT

Kiém dinh phit hop Y,? dua trén thong ké ciia Nikulin-Rao-Robson dugc phat trién cho ho phéin
phéi tham s6 Birnbaum-Saunders tong qudt, phuong phdp hop Iy cuc dai duoc sir dung dé wic lugng
cdc tham so. Chiing t6i ciing nghién citu do manh cila kiém dinh phit hgp Y,? trong mot vai truong hgp
c6 dbi thiét khi cdc phan hoach nhém ngdu nhién duoc sir dung.

1 Introduction

The Birnbaum-Saunders (BS) distribution is a useful model for describing fatigue and
reliability data. This model allows us to relate the total time until the failure to some type of
cumulative damage. This distribution was proposed by Birnbaum and Saunders [3] with two
parameters, named as shape and scale parameters.

A random variable T is the BS distribution with shape and scale parameters a and /3,

respectively if the probability density function of T’ can be written as

st =LA+ () Yo -2 (f5-D) ] o

and we obtain that the cumulative distribution function is

Fps(t) = { (\f \[)}a>05>0t>0

Ngay nhan bai: 27/6/2015 ; ngay nhan dang: 23/6/2016

0|
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where ®(¢) is the standard normal the cumulative distribution function. This means that we
are admitting as definition that a random variable 7' follows the BS distribution with shape

and scale parameters o > 0 and 3 > 0, respectively, if it can be written as

T - g[aZJr\/a?Z? +4)°, (123)

where Z ~ N(0, 1). Then the random variable Z may be stochastically represented in terms of

T as
— N(O, )- ( )

In 2002, Diaz-Garcia et all. [6], Sanhueza et al. [20] developed the generalised Birnbaum-

7 =

1
o

Saunders (GBS) distributions which are related to standard symmetrical distributions in R,
also known as elliptically contoured or simple elliptic distribution, for example, Normal, Cauchy,
Laplace, Logistic, Power Exponential and ¢(v)-Student distributions. In this case, the standard
symmetrical distribution functions are used to instead of the normal distribution of the random
variable Z in . The probability density function fz(z, 0, 1) and cumulative distribution
function Fz(z, 0, 1) of Z in R, can be written as

fz(2,0,1) = cg(z?), Fz(2,0,1) = /fZ(u, 0, 1)du, (125)

where, g(.) is the kernel of the probability density function of Z and c being the normalization

+o00
constant, such that [ g(z?)dz = ¢ L.

—00

Whereby we can give the following probability density function of GBS distributions

1 3 2
f(t,a,ﬁ)c.hlﬁ{(f)2+(f)2}g ;[\/E—\/ﬂ ,a>0,8>0,t>0 (126)

Thus, if a random variable T has the GBS distributions, the cumulative distribution func-

F(t,o, B) = Fy (; [\/Z— \/ﬂ) t > 0. (127)

A complete review about the theoretical properties, methodology and applications of GBS

tion of T is expressed as

distributions, one can find in the importance keys of Diaz-Garcia et all. [6], Sanhueza et al.
[20], Nikulin & Tran [16]. We only consider here the Logistic Birnbaum-Saunders (LogBS)
distribution, which the kernel Logistic standard is used to instead of the kernel normal g in
and (126). FigureI]illustrate the probability density function of LogBS distribution with
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1.0

—— LogBS(0.5, 0.75)
— LogBS(1, 1)
—— LogBS(0.5,1.5)

0.8
|

0.6
|

Pdf curves

0.2

0.0
|

Figure 1: Probability density curves of Logistic Birnbaum-Saunders distribution with different
parameters.
different parameters.

The random variable 7" belongs to the LogBS distribution, denoted by T' ~ LogBS(«, [3),
if its probability density function is given as (0 = («, 8)7)

1 B 1 B 3 exp{i(\/g—\/?)}

f(t, 9)=m{(;) +(;) } S, t>0.  (128)

it}

Therefore, the cumulative functions of T is
w3 (5-VF)]
F(t, 0) = .t > 0. (129)
l—l—exp{i (\/E—\/E)}

Let us consider the sample X = (X;, Xy, .-+, X,,)T from the random variable X =~

LogBS(a, ). The log-likelihood function based on X sample is given by
(0) = —nlna—nln B+ {InK;+a;—2In(1+e“)} —nln2, (130)

i=1

where

BB () (@)
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The MLE 6,, = (&, 3)T of = (a, 8)7 can be obtained by solving the non-linear system of

scores functions
((0) = (€a(0), £5(0))" = 0,
which given by
: 0 1 a;(1 —e™)
)= o) =~ {n e M,

, ) 1 TSN T3 1 0 by(1— en
U(0) = - 0(0) = {n—2 D hll-en) )}
: : —

9B

2 Some modified chi-squared type tests

Let us consider the problem of testing the hypothesis H, that the distribution of the sample
X belongs to the family of Logistic Birnbaum-Saunders distribution, which is

Hy: F(t,0), 0= (o, BT, t>0. (131)
We divide the interval (0, co) into r smaller intervals I; = (a;_1, a;| such that
O~ag <a; < - < apq < ap =00, (132)

and grouping the sample over these intervals, we obtain the vector of frequencies v = (v1, v, - 1,
and the probability vector p(6) = (p1(0), p2(0), - - - , p.(0))T, where

pj(e) - P(Xl € IleO) - F(aj7 9) _F(ajfla 9)7 j = 17 27 e, T

To test the hypothesis Hj, Pearson [18] proposed a test based on the so-called quadratic
from of Pearson

X2 (0) = X2 (0)X,(0) = Z Go O (139
here ) ) O\"
0 - Vl—np197ug—np297_“7yr—in9 .
Xa(0) ( Vnpi(0)  \/nps(0) np,(0) )

Under H, if 0 is known, it was shown by K. Pearson in 1900 (see also, Drost [8]) that
lim P{X}(0) > 2} =P{x;_, > z}, (134)

where x?_; has the chi-squared distribution with r — 1 degrees of freedom.
The hypothesis H, must be rejected at a significance level o, whenever X2 (0) > C,, where
C, is the critical value of the Pearson’s test, C,, = x2(r — 1) is the upper a-quantile of the x*
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distribution with » — 1 degrees of freedom.

But generally 6 is unknown and must be estimated using the sample X, if we replace
0 in by any \/n-consistent estimate 6, the limit distribution of will no be x?_,
depending on the method of estimation of 6 and the properties of the estimator 0;,.

1. NRR test statistic. In 1973, Nikulin (see [13], [14]) proposed to modify the standard Chi-
squared Pearson’s test for continuous distributioin with shift and scale parameters, also Rao
and Robson [19] had obtained the same result for exponential family, and since 1998, the test
is well known as the Nikulin-Rao-Robson (NRR) test. More detail of NRR test statistic, one can
see, Van de Vaart [22], Nikulin et al. [17], Greenwood and Nikulin [9], Bagdonavi¢ius et al. [1],

and we can write
Y7 (6n) = X7(0n) + X7 (0,)B(0,)[1(0,) — 3(0,)] BT (0,)X(6r), (135)

where the elements of the matrix B(¢) are

1 Jp,(0) 1 Jp,(0)

:\/m Oa ’ bj2(9):\/m 8B ’j:1727"‘,7",

and nJ(0) = nBT (0)B(0) is the Fisher’s information matrix of the vector of frequencies v, n1()
is the Fisher’s information matrix of X and 6,, = (&, 3)7 is the MLE’s of § = (a, 8)”.

The asymptotic behavior of the statistics Y2(6,) is given by the following (see, Nikulin
[131])

bj1(0)

lim P{Y2(0,) > «lHo} = P{X2, > .

n—o0

2. DN test statistic. In 1994, Dzhaparidze and Nikulin [7] proposed a modification of the
standard Pearson’s test, the test is well-known as Dzhaparidze - Nikulin (DN) test U2 (6,,) with

U?L(én) - Xi(én) - XZ(én)B(én)J_l(én)BT(én)Xn(én)a (136)

under some regularity conditions of Cramer (see, Cramer [5], Greenwood and Nikulin [10]),
we have

lim P{U2(0,) > aHo} = P{x’; > o}.

n—o0

3. McCulloch test statistic. In 1985, McCulloch [12]] shown that the statistic

is asymptotically independent of the DN test (see, Voinov et al. [24]) and can be used in its own

right, and we have
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lim P{S%(0,) > z|H,} = P{x? > z}.
n—oo

Note that Hsuan and Robson [11]] (also see, Voinov et al. [25], Voinov et al. [26]) have
proposed a modification of the standard Pearson’s test by using the methods of moments.

From the above theory it seems reasonable to investigate the power of three modified Chi-
squared type tests Y2(6,,), U2(6,,) and S2(6,,).

3 Power study

The Monte-Carlo method is conducted to investigate the power of Y2(6,), U2(0,) and
S2(6,) tests for the Logistic Birnbaum-Saunders distribution as null hypothesis against famous
alternative like Log-Normal, Log-Logistic, Birnbaum-Saunders and Inverse Gaussian distribu-

tions. These distributions are generally used in reliability as the fatigue life distributions.

0.5
|

—— NRRtest
—— DN test
—— McCullod test

0.4

0.3
|

Power

0.0
|

Figure 2: Estimated powers of 3 tests Y2(6,,), U2(6,) and S2(6,) as function of the number
of equiprobable intervals r against Log-Normal distribution alternative. Sample size n = 200,
significance level o = 0.05.

4 Summary and Conclusion

We studied the modified version of the standard Pearson’s statistic based on the maximum
likelihood estimators for Generalized Birnbaum-Saunders distribution. From Figures we
see that the DN statistic (U2 (4,,)) for equiprobable intervals possesses low power for all alter-
native distributions. In contrast the NRR (Y2(6,,)) and McCulloch (S2(6,,)) test statistics are

the most powerful for all alternatives considered and for varying number of intervals r. In the
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Figure 3: Estimated powers of 3 tests Y2(6,), U2(6,) and S2(6,,) as function of the number
of equiprobable intervals r against Log-Logistic distribution alternative. Sample size n = 200,
significance level a = 0.05.
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Figure 4: Estimated powers of 3 tests Y2(6,,), U2(6,) and S2(0,) as function of the number
of equiprobable intervals r against Birnbaum-Saunders distribution alternative. Sample size
n = 200, significance level o = 0.05.

case that the number of intervals r > 40, we need further investigation because the expected
intervals probabilities become small and the limit distribution of above tests can not follow the

chi-squared distribution. In reality we often choose the partition r that depends on the sample
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Figure 5: Estimated powers of 3 tests Y2(6,,), U2(d,,) and S2(6,,) as function of the number of
equiprobable intervals r against Inverse Gaussian distribution alternative. Sample size n = 200,
significance level o = 0.05.

size and following the recommendations of Greenwood and Nikulin [10]

1
r < min (, lnn).
o}

Note that to test for the generalized Birnbaum-Saunders family when the data are censored,
we use the chi-squared test statistic with the same approach, based on the properties of differ-
ences among the numbers of observed and "expected" failures in the intervals. More about the
theoretical and mechanism used goodness-of-fit test for generalized Birnbaum-Saunders, one
can see Nikulin & Tran [16]. Furthermore, we also suggest utilize the generalized Birnbaum-
Saunders as the baseline functions of accelerated lifetime models in the reliability analysis,
more about this suggestion, one can see Bagdonavicius et al. [2], Nikulin and Tran [15], Tran
[21].
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TOM TAT

Chiing t6i tong quan vé dg do bt bién cila cdc phuong trinh vi phin ngdu nhién tuyén tinh; truong
hop hé khong phu thugc thoi gian trén cic khong gian Hilbert, dva trén ti ¢ gigm mil ciia nira nhém
todn tit lién tuc manh sinh bdi cdc todn ti tuyén tinh trong mot sé dang phuong trinh vi phin ngdu
nhién. Pong thoi ciing dp dung vio bai todn tuyén tinh héa ciia mot phuong trinh vi phan ngdu nhién
phi tuyén dit ra trong todn cong nghiép.

Tir khéa: Do do bat bién, Phuong trinh vi phan ngdu nhién tuyén tinh, Phuong trinh vi phan
ngau nhién phi tuyén

ABSTRACT

In this paper, we give an overview of invariant measures of linear stochastic differential equations on
Hilbert spaces with time independent parameters. We applied to the linearized problem of an non-linear
stochastic partial differential equation arising in industrial mathematics.

1 Gidi thiéu

Gia sit G, H 1a cac khong gian Hilbert kha li. Ki hiéu L(G, H) la khong gian cac toan tu
tuyén tinh bi chan tir G vao H. Khong gian L(H, H) dugc viét gon 1a L(H). Toan tit Q € L(H)
ludn gia thiét 1a toan ti dbi xung, xac dinh khéng am vdi hang hiru han; trong do, véi hé co
sG truc chudn (e, ),en cia H hang cta toan ta Q 1a Tr(Q) == >0 {Qe,,e,). Gid st W =
(W(t))o<t<r, 0 < T < 00, 1a mét qua trinh Q-Wiener gia tri trong G trén moét khong gian xdc
suat vdi loc (2, F, (F;)o<i<t, P), chi tiét c6 thé xem trong [1]]. Xét phuong trinh vi phan ngdu

nhién sau

dX(t) = (LX(t) + F(t))dt + AdW (t), 0<t<T,
X(0) = ¢,

(138)

trong d6 L : D C H — H la toan ti tuyén tinh déng, xac dinh tri mat trén H, A € L(G, H),
F = (F(t))o<t<r la qua trinh ngau nhién gia tri trong H kha tich Bochner trén [0, 7], va ¢ 1a
mot bién ngau nhién gia tri trong H, Fy-do duoc.

Viéc nghién cttu nghiém cta phuong trinh dang da dugc quan tdm ctru nhiéu, tiéu
biéu nhat 1a t6ng hop cac két qua trong [1]]. Trudng hop hé sé phu thudc thdi gian, tic 1a khi

Ngay nhan bai: 12/10/2015 ; ngay nhan dang: 10/6/2016
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L dugc xét bdi ho cac toan tir dong xac dinh trt mat (L(t))o<t<7, c6 thé tham khdo cac trudng
hop khéac nhau trong cac cong trinh [6], [8], hoac [10].

Viéc nghién ctru tinh 6n dinh nghiém ctia phuong trinh dang ctia ching toi bat
ngudn tir mot trudng hgp riéng ctia bai toan phuong trinh dao ham riéng ngiu nhién dugc dat
ra trong toan cong nghiép.

Trong bai bao nay, chiing t6i téng quan vé do do bat bién ctia cic phuong trinh vi phan
ngau nhién tuyén tinh; xdy dung Ménh dé |§Inhu 1a su téng hop cac két qua cd ban vé sy ton tai
va tinh duy nhéat ctia d6 do bt bién ctia phuong trinh vi phan ngiu nhién, dya trén ti 1é gidm
mi ctia nita nhém toan ti lién tuc manh sinh bdi cac toan ti tuyén tinh trong mot s6 dang
phuong trinh vi phan ngiu nhién.

Chung t6i cling 4p dung vao bai toan tuyén tinh héa ctia moét phuong trinh phi tuyén dat
ra trong toan cong nghiép. Trong [5], qua trinh rdi cta sdi vai dudi tac dong cta cac yéu tb
ngiu nhién ctia khong khi trong mot day chuyén dét dugc mod phdng bdi phuong trinh dao

ham riéng ngiu nhién sau:
di0yx(s,t) = (05s(N0sx)(5,t) — bOsss5x(s, t)
— ges + £4U(s, 1)) dt + odw(s,t), (s,t) €[0,1] x [0,T], (139)
v6i diéu kién ban dau
x(s,0) = (s —)es,
0ix(s,0) =0, s€]0,1], (139R)
diéu kién bién
x(l,t) =0, 0,x(l,t) = es,
05s%(0,1) = 0, 0s55x(0,8) =0, ¢€]0,T], (139b)
va cudng buc dai sb
10sx(s,t)|leuk = 1 forall (s,t) € [0,1] x [0,T]. (139%)

Trong d6, (w(t))o<t<r 12 mot qua trinh ngiu nhién Q-Wiener trén khong gian xac suat vdi loc
(Q,F, (Fi)o<i<r,P) vax(w) : [0,] x [0,T] — R?, w € Q, mo6 phéng sai vai véi chiéu dai cung
s € [0,1] va thoi diém ¢ € [0,T]. Ham ) : [0,{] x [0,T] — [0,00) mo ta luc hap dan véi diéu
kién bién A\(0,¢) = 0, ¢ € [0,T], vaes = (0,0,1). f4t : [0,{] x [0,T] — R3 1a cac luc xac dinh,
0 < b,g,0 < oo la cac hang sb lién quan (gia téc trong truong, bién do cac luc ngau nhién, ...).
Vé m6 ta phuong trinh xac dinh tuong ng, 6 thé tham khao trong [3] va [4].

Chuing t6i xét bai toan tuyén tinh héa phuong trinh trén, cho trudng hop cac toan tit khong
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phu thudc vao thoi gian, va mé ta chi tiét do do bat bién cho phuong trinh tuyén tinh héa doé.

2 Do do bat bien
Xét phuong trinh tuyén tinh v6i nhiéu

dX(t) = LX(t) dt + AdW (t)
X(0) = ¢

(140)

véi cac gia thiét nhu sau.
Giathiét1. (i) Toan tir L la phan ti sinh ctia mot Cp-ntta nhém cac toan tir tuyén tinh
(S(t))tzo trén H.
(i) TrQ; := [; Tr(S(r)AQA*S*(r))dr < oo, v6imoit > 0.

Khi d6, S(-) € L*((0,T); LY) va phuong trinh c6 duy nhét nghiém “mild” dugc cho
bdi
X(t) =S+ Wr(t), t=0,
voi .
Wit = [ s¢-nave).
xem [1]).

Ta xét cac tinh chat dac biét ctia nghiém (X (t));>o khi ¢ 16n. Khai niém “d¢ do bit bién”
("invariant measure”) cta déng vai trd quan trong trong viéc xem xét mot sb tinh chat
nghiém caa . Do do p trén khong gian do dugc (H,B(H)) dugc goi 1a mot do do bat bién
dudi ham do dugc f : H — H néu véi moi O € B(H), ta cb

u(f(0)) = w(0).

Trong [1], dé dinh nghia do do bat bién ctia phuong trinh ham do duoc f dugc xay
dung tir nghiém X (-, ¢) cta nhu sau.

Goi By(H) (Cy(H) t.u.) 1a khong gian cac phiém ham Borel bi chan (lién tuc, t.u.) trén H,
cung véi chuén “sup”. V&i méi ¢ > 0, dinh nghia

Pip(x) =Ep(X(t,z)), @€ By(H), t>0, z€ H. (141)
Theo [} Cor. 9.9 va Cor. 9.10], vdi moi p € By(H)va0 <r <t < T tacod
Pi(Prp)(z) = Pryrp(x), =€ H.
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Do d6, ho (P;)o<i<r duogc goi la nita nhom chuyén tiép (transition semigroup) tuong tng véi
phuong trinh (140).

Dinh nghia 2. D6 do xac suét p dugc goi 1a mot do do bat bién ctia phuong trinh 1i néu voi
moi ¢ € By(H) taco

| Pet@ntan) = [ c@mtdo).

Ménh dé 3. Néu pu la dg do bit bién cila phuong trinh sao cho lugt cila gid tri ngdu nhién ban
dau L(¢) = p, thi nghiém mild X (-,€) cila phuong trinh la mot qud trinh dimg.

Chitng minh. Xem [1, Prop. 11.5]. O

Dinh ly 4. Gid st cdc ménh dé trong Gid thiét [1| duoc théa man. Khi dd, cdc ménh dé sau la tuong
duong.

(i) Ton tai mt o do bat bién cila phuong trinh .
(ii) Ton tai mot todn tik hach, doi xiing xdc dinh khong ém P € L(H) sao cho

2(PL*x,z) + (Qx,z) = 0, vdi moi x € D(L"). (142)

(i) sup,so TrQs := sup,s [y Tr(S(r)AQA*S*(r))dr < oo, vdi tich phin ton tai theo nghia manh.

Chitng minh. Xem [1] Theo. 11.7]. O

Dinh li sau dua ra mét diéu kién du vé tinh duy nhét ctia d6 do bat bién.

DPinh ly 5. Néu vdi moi x € H, gidi han lim;_, , . ||S(t)x|| Ia 0 hodc +oo, thi phuong trinh cd
nhiéu nhit mot do do bit bién.

Chitng minh. Xem [1, Prop. 11.10]. O

Ménh dé 6. Gid sir (S(t));>0 la Co-nita nhém cdc todn tir tuyén tinh bi chan trén H sao cho ton tai
cdc hing s6 M > 1,m > 0 théa min || S(t)|| < Me=™ vdi moi t > 0. Khi dd, phuong trinh cé
duy nhat dg do bt bién.

Chitng minh. Vi (S(t)):>0 la nita nhém sinh bdi todn ti@ A trén khong gian Hilbert H nén
(S*(t))+>0 cling 1a nita nhém véi phan ti sinh A*. Do d6, Gia thiét (1| dugc théa man va ton
tai nghiém mild X (-,¢) ctia phuong trinh (140).

Mit khac, vi ton tai cac hang s M > 1,m > 0 sao cho ||S(¢)|| < Me™™ v6i moi t > 0 nén
ta thu duoc ménh d@ (iii) cta Dinh 1i[f] va dong thoi ciing thoa mén gia thiét ctia Dinh 1i[5} Do
d6, ton tai duy nhat do do bat bién ctia phuong trinh (140). O
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Nhan xét 7. Néu mot Co-nita nhém (S(t))eso trén khong gian Hilbert H théa man
IS()|| < Me ™" wvdimoit >0,

trong dé M va m la cdc hing s6 duong thi ta néi (S(t))s>o la on dinh dang mil hogc gidm (tdc dg) mii
vdi t 1¢ gidm m. Nhu trong Ménh dél6] mot Co-nita nhém gidm mii la tuong doi “tot” dé c6 thé mo td
mot 84 tinh chit nghiém ciia cdc phuong trinh vi phan ngdu nhién trén khong gian Hilbert H. Mot tiéu

chudn dé' kiém tra Co-nika nhom todn tir la gidm mii dugc trinh bay nhu trong [7] nhu sau.
Dinh ly 8. Mot Cy-nika nhom (S(t))s>o la gidm mii néu va chi néu tontgi 1 < p < oo
/ IS(r)u||P dr < 0o  vdimeiu e H.
0

Chitng minh. Xem [7, Theo. 4.4.1]. O

3 Ungdung

Trong phan nay, chiing ta chinh qui phuong trinh vi phan ngdu nhién véi hé sb hang
v6i tham s 7 thich hgp. Xét phuong trinh dao ham riéng ngau nhién cho truong hop
A(8,t) = Ao(8) > 0 v6i moi (s,t) € (0,1) x [0,T] va Ag(0) = Ao(l) = 0 cting v6i tham s6 7 > 0 c6
dang t6ng quat nhu sau

dX(t) = (Lo+ Ly, — 7Id)X(t)dt + AdW (), 0<t<T
X(0) =¢

(143)

Ta xét cac diéu kién trén tham sb 7 sao cho phuong trinh (143) c6 duy nhét do do bat bién
va mo ta cu thé do do bat bién ay.
Xét phuong trinh (143) trén khong gian Hilbert H = H;*(0,1) x L*(0,1), trong d6

0 Id 0 0 0 0 0
Lo= (—bassss 0) L = (53()\0(8)85) 0) A=o (0 Id> W) = (w(t))‘

Dé dang kiém tra dugc Ly, € L(H) va (L, D) 1a phan t sinh cia mét Cyp-nirta nhém toan
tlr thu hep (semigroup of contractions), véi D := H2?(0,1) x HZ*(0,1) 1a mién xac dinh ctia Lo,

H22(0,1) == { € H*2((0, l);RS)’v(l) — d.v(1) = 0},

va
H,2(0,1) == {v € H**((0,1); R?)

v(1) = 95v(1) = 055V (0) = Osssv(0) = 0}. (144)
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Nhan xét 9. Todn tir (9., H(0,1)) khong la todn tir tu lién hop trén L*(0,1). Tuy nhién, theo cic
diéu kién bién nhu trong va sit dung cong thikc tich phan tirng phan ta cé

<8ssu7 8ssV>L2(O,l) = <6‘ssssu, V>L2(0,1) vai in u € Hif(o) 1)7 v E le)f (Oa 1)'

Theo nhan xét trén va véi cac chuan dinh nghia trén khong gian H.:*(0,1) va trén H,.*(0,1)
nhu sau

I Bz = B0 Ol B0y v 1 ey = V¥ 10ssss (V0.0

<L0 (:) (:) >H ~0 v6imoi (3) € D. (145)

L . [ua p
Mat khac, v6i moi ( ) € Htaco
A2

(= () C))s = (Grtonan) (), = 0000950

ta co

1
< sup (Mo(8)% + 10N () (= [ull?,2.2 + |Iv]|2-
sup Oo(s)” +100(5)) (gl 0y + M) (146)
2
gmax{f,c} (u) , trong d6 ¢ := sup (Ao(s)* + (0 X (5))?).
b v H s€[0,1]

Dat m := max{§, c}, theo va ta c6

<((Lo + Ly, — 71d) — (m — 7)Id) (3) (:) >H <0 véimoi (3) eD.

Do d6, véi moi a > (m — 7) ta cd
u
A"

Theo [7], toan ti ((Lo + Ly, — 7Id), D) la phan ti sinh cia mo6t Co-nita nhém (S, (t))e>o trén
H. Két hop véi (147), nita nhém (S, (¢))¢>o théa man

L2 (o = (m —7))*

2

(ald — (Lo + Ly,)) (3)

véi moi (“) e D. (147)
H v

1S- ()| < e™ Dt v&imoit > 0. (148)

Ménh dé 10. Néu 7 > m, vdi m la hing sé trong ([48), ton tai duy nhit mét d do bit bién ciia
phuong trinh (143).
Chiing minh. Ménh dé[10] duoc suy ra tit (T48) két hop véi Ménh dée] O

Tiép theo 1a vin dé& mo ta do do bat bién cta (143). Chu y rang néu (S(t))>0 1a Co-nira
nhém sinh béi toan tit (L + Ly,, D) thi Cp-ntta nhom sinh béi toan t (Lo + Ly, — 71d, D) la
(S ()0 v6i S (t) = e ™"S(t) véi moi t > 0.
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Trudc tién, theo cac gia thiét ctia Ay va cac diéu kién bién, toan tir A := —b0,,.s+0,(Xo(5)0s) :
D C L*(0,1) — L?*(0,1) 1a xac dinh 4m va tu lién hop. Mt khac, néu u € D théa man Au = 0
thi (Au,u) = 0, do d6 (0ssssu,u) = 0va (J5(Ao(s)0su),u) = 0. Theo Pinh li nhung Sobolev, ta
suy ra u = 0, tic la A la don anh.

Luu y rang, vi toan tit —A 1a xac dinh duong va ty lién hop nén toan tir v/—A ciing vay.
Theo [9, Theo. VIIL5], cdc ham toan ti sine va cosine theo v/—A 1a hoan toan xac dinh. Nhu
trong [2, Exam. 6.2], Cy-ntta nhém (S(t)):>0 sinh bdi (Lo + Ly,, D) dugc mo ta nhu sau

S(t) ( cos(ty/—A) m_l sin(tﬂ))
—v/—Asin(ty/—A) cos(tv/—A) ’

voi

510(2) = (U S o) v (3) <

Trong do, véi (e, )nen la hé co s truc chuan cua khong gian Hilbert L%(0,1) thoa man Ae,, =

An€en vOi moi n € N. Khi d6, cac ham todn tit sine va cosine cé biéu dién nhu sau
-1 °©
cos(tv—A)u+vV—A sin(tv—A)v = Z cos(v/ —Ant)(u,e,)e
n=1

sin(y/ —Ant){v,en)en,

=1
+

va
—Asin(tv—A)u + cos(tv — i V=Ansin(v/=Ant)(u,ep)e
n=1
+ Zcos( —Mt) (v, en)en
n=1
Do d6, ta c6

S.(t) = e TS(t) = e ( cos(tv/—A) vV-A sin(tﬂ)) '

—v/—=Asin(ty/—A) cos(tv/—A)

Theo [1} Theo. 11.7], véi m&i 7 > m, phuong trinh (143) c6 duy nhat d6 do bat bién p =
2N(0, P,) v6i toan tit phuong sai P, dugc xac dinh bdi

= / Sr(r)AQA*S:(r)xdr, véimoiz € H.
0

LOI CAM ON

Nghién ctru nay dugc tai trg bdi Quy Phat trién khoa hoc va cong nghé Québc gia, Ma sb
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TOM TAT

Xay dyng chudn dau ra vdi yéu cdu cao la mot noi dung déi mdi quan trong trong cong tic gido
duc va dao tao & Truomg Pai hoc Lac Hong. Trong chudn ddu ra nay, cdc yéu cau vé kién thiic va kij
ning nghé nghiép can dugc trang bi cho sinh vién khi ra truong dugc néu ro. Dua trén co sé phan tich
thuc trang day hoc Xdc sudt - Thong ké & truong, chiing toi di dua ra cdc bign phdp rén luyén cdc ki
ning nay cho sinh vién khoi nganh kinh té, hudng dén gidng day mon hoc ddp ving chudn dau ra da xdy
dung. Cu thé hudng dén ren luyén cdc kij ning sau: Kij ning gidi quyét vin dé; kij ning thu thip, biéu
dién va xir j s0 ligu thong ké; kij nang ving dung cong nghé thong tin; kij niang tu duy tua thudt gidi;
kij nang tu hoc ...

Tit khéa: Chuan dau ra, Kinh té, K§ ning nghé nghiép, Mon Xéc suét - Thong ké.

ABSTRACT

Teaching Probability-Statistics orients to ensure the standard learning outcomes for economic ma-
jored students at Lac Hong University. Constructing standard learning outcomes with high demands is
an important innovative content in the education and training at Lac Hong university. The knowledge
and career skills equipped for students before they graduate from university are clearly stated . Based on
the analysis of the current situation of teaching of Probability-Statistics course at school. We have given
out some measures to train this skill of economic-majored students, which aims at teaching this subject
in order to meet the build standard learning outcomes, such as: problem solving; gathering, represent-
ing and processing statistic numbers; application of information technology; algorithm-like thinking;

self-learning, etc.

1 M& dau

Nang cao chat lugng, d6i méi trong gido duc dao tao la tiéu chi sdng con ddi véi mot
truong dai hoc trong thoi dai khoa hoc cong nghé hién nay. Viéc d6i méi la xu thé tat yéu cta
thoi dai va theo chién lugc phét trién gido duc dugc bao cdo tai Dai hoi Dang lan thi XI “Phat
trién gido duc 1a qudc sach hang dau. D8i méi can ban, toan dién nén gido duc Viét Nam theo
hudng chudn héa, hién dai hda, xa hoi héa, dan chi héa va hoi nhap qubc té” [3].

Hudng theo d6, mot trong nhitng ndi dung d6i mdi quan trong & Trudng Pai hoc Lac
Hoéng thuc hién trong thdi gian qua 1a xay dung chudn dau ra véi yéu cau cao.

Ngay nhan bai: 15/6/2015 ; ngay nhan dang: 19/5/2016
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Pai Hoc
Lac Hong

Davcaigi? :
Bé Mén Co Ban _ ChuinPiuRa
Day nhuthé nao?

Chinh Tn Ly Hoc tip ning cao Vi tri cong tic
L ]
Toan Kining *— &  Thiidgs
v
Kién thic

Hinh 1: So d6 vai trd mon Co ban dbi véi chudn dau ra cta trudng Pai hoc Lac Hong.

Trong chuan dau ra nay, cdc yéu cau vé kién thitc va kj nang nghé nghiép can trang bi cho
sinh vién (SV) khi ra truong dugc néu ro. Tuy nhién, moét cau hoéi 16n dugc dat ra “Cac ky nang
nghé nghiép ctia SV dugc trang bi va rén luyén nhu thé nao thong qua qua trinh hoc tap cac
mon thuoc linh viuc khoa hoc co ban va kién thic dai cuong?”.

2 Vai tro va thuc trang day hoc mén hoc Xac suat — Thong ké
(XSTK) dbi vdi yéu cau ctia chuin dau ra & Truong Dai hoc
Lac Héng

2.1 Nhirng néi dung trong chuin dau ra véi yéu cau cao

Mot trong nhitng cong viéc quan trong nhat dugc thuc hién trong thdi gian qua & trudng
d6 1a xay dung chudn dau ra véi yéu cau cao ctia mdi chuyén nganh dao tao. Qua nhiéu lan
chinh stra, dén nay chudn dau ra ctia nha trudng dugc hoan thién véi sy gop y ctia nhiéu doanh
nghiép, s&, ban nganh trén dia ban. Tir sit mang ctia nha truong va cac cudc khao sat hang nam,
nha truong xay dung “Chudn dau ra 2012” [8], bao gom:

e Kién thic;
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¢ Ky nang;

e Thai do;

Vi tri va kha ning cong tac sau khi t6t nghiép;

Kha ndng hoc tap va nang cao trinh do sau khi tot nghiép.

Trong chudn dau ra nay, cac yéu cau ve ky nang nghé nghiép can dugc trang bi cho SV khi
ra truong dugc néu rd. Chang han, d6i véi SV chuyén nganh kinh té thi cac yéu cau vé kj nang

nhu sau:

e T6 chiic cac hoat dong thuong mai va cac nghiép vu lién quan phit hop véi hé thong luat

phép qudc gia va qudc té;
e Tiép can giao dich véi cac dbi tac trong va ngoai nudc;

e Nghién cttu thi trudng dé dé ra cac chinh sach thich hgp cho viéc thAm nhap, mé rong
thi phan trén cac thi trudng xuat nhap;

e Phdi hgp cac bd phan trong doanh nghiép lién quan dén hoat dong xuat nhap khau;
e Nhan dién va quan li rti ro trong cac hoat dong xuat nhap khau;

e Soan thao van ban, trinh bay va bao cao;

e Giao tiép tt;

e St dung thanh thao tin hoc van phong va stt dung tot mot s6 phan mém chuyén nganh
cho linh vuc quan tri, kinh té;

e Giai quyét vin dé, tu duy phan bién, phan tich 1ap luan danh gia cac quy trinh va dua ra
giai phap hop 1Ii;

e Lam viéc theo nhém, ky nang lanh dao, nim bit va t6 chic thuc hién cong viéc doc lap;

e Ling nghe, quan sat va ra quyét dinh;

e Thich tng v6i moi truong cao.

Nhu vay, viéc trang bi va rén luyén cac kj nang nghé nghiép cho sinh vién dugc xac dinh
1a nhiém vu v6 cling quan trong va phai thuc hién lau dai, xuyén sudt qua trinh dao tao. Tuy
nhién, mdt cau héi 16n dugc dat ra “Cac ky nang nghé nghiép cta SV dugc trang bi va rén
luyén nhu thé nao thong qua qua trinh hoc tap cac mén thudc linh vuc khoa hoc co ban va
kién thuc dai cuong?”.

Dé tra 16i cau hdi nay can phai c6 thdi gian nghién ctru nham tim ra cach thite day va hoc

cac mon khoa hoc co ban, dap ting chuan dau ra vé6i yéu cau cao nhu da néu trén.
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2.2 Vai tro cia mén hoc XSTK d6i véi chudn dau ra

Moén hoc XSTK 1a mét mon thude khéi kién thitc co ban va ngay nay cac kién thic thudc
vé mang nay da tham nhap vao hau hét cac linh vuc va cac nganh khoa hoc khéac nhau. Cac
tri thiic vé khoa hoc xac suét ciing nhu thong ké da dugc ting dung mot cach rong rai. Day la
mot trong nhiing hoc phén quan trong cta khéi kién thic co ban ma Bo Gido duc va Pao tao
da quy dinh 1a mon hoc bat budc d6i v6i SV khdi nganh kinh té, y dugc, héa, méi truong:--

Hon nita, véi dac thu la moén Toan tng dung nén bén canh viéc ren luyén cac ky nang co
ban mang tinh toan hoc nhu: khai quat héa, dic biét héa, mo hinh héa, phat hién va giai quyét
van dé - thi viéc hoc XSTK con gép phan rén luyén cac ky nang nghé nghiép gan véi SV nganh
kinh té, nhu: kj nang thu thap, xt 1i s6 liéu théng ké; ki ndng quan sat; ki nang phan tich, ra
quyét dinh thong qua cac bai toan udc lugng, kiém dinh; kj ndng 1am viéc nhém--+ Nhitng ki
nang nay 1a mot phan khong nhé trong yéu cau vé ki ning nghé nghiép déi véi SV khéi nganh
kinh té ma “chudn dau ra” ctia nha truong da dat ra. Nhung, nén day hoc XSTK nhu thé nao
dé c6 thé gép phan dap tng chuan dau ra & Trudng Dai hoc Lac Hong thi hién nay van con la
cau héi chua c6 cau tra 1oi.

Tir d6 cho thay can phai c6 nhitng nghién cttu nham dap ing yéu cau “Rén luyén kj nang
nghé nghiép cho SV khéi nganh kinh té qua viéc day hoc moén XSTK & Truong Dai hoc Lac
Hong”.

2.3 Thuc trang day hoc mdn hoc XSTK & Truong Pai hoc Lac H6ng

Trong [4] da chi ra réng, viéc day hoc mon hoc XSTK & trudng con ton tai nhitng han ché

cht yéu sau day:

e Viéc rén luyén céc ki nang giai quyét van dé chua dugc thé hién nhiéu trong bai giang.
Da s6 gidng vién déu gidng day theo phuong phdp truyén théng la chti yéu (néu tri thic
va ap dung tri thitc d€ gidi cac bai tap cu thé), din dén chua rén luyén ki nang giai quyét

van dé cho sinh vién.

e Chua gin viéc kiém tra danh gia v6i noi dung thuc tién mon hoc. Chang han cac dé kiém
tra, thi cudi ki vAn mang nhiéu tinh chat ctia toan hoc va dugc ap dung cho tat ca cac
chuyén nganh dao tao, chua c6 su cai dat cac bai todan mang tinh ing dung trong thuc
tién nghé nghiép cho sinh vién déi véi cac nganh nghé cu thé.

e Chua tng dung cong nghé thong tin trong day hoc mot cach c6 hiéu qua. Hién nay &
truong, da sb gidng vién chi dirng lai & viéc hudng dan sinh vién tinh todn cac bang sb
liéu théng ké bang may tinh bo tii ma chua sit dung cong cu la phan mém Excel dé giai
cac bai toan vé udc lugng, kiém dinh---

e Chua phét huy kha ning ty hoc, kha nang 1am viéc tap thé cia sinh vién thong qua céc
bai tap nhom, bai tap 16n & nha. Hién tai, nha trudng chua bién soan hé thong bai tap l6n
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ctia mon hoc, dan dén viéc rén luyén cac ki nang trén chua dugc thuc hién doi véi moéon

hoc nay.

Tit thuc trang trén, ching toi nhan thiy rang viéc nghién citu “Ren luyén ki nang nghé
nghiép cho sinh vién khéi nganh kinh té thong qua viéc day hoc mén hoc XSTK & Truong Pai

hoc Lac Hong” 1a yéu cau cap thiét.

3 Mot s6 bién phap rén luyén ky ning nghé nghiép thong qua
day hoc XSTK cho SV khéi nganh kinh té

3.1 Nhiung dinh hudng xdy dung cac bién phap

Thit nhat, cac bién phap su pham dugc dé xuét phai dya vao nén tang ndi dung, chuong
trinh hoc phan XSTK cho SV khéi nganh kinh té & truong Pai hoc Lac Hong.

Thit hai, cac bién phap su pham dé xuat phai phit hgp véi muc tiéu day hoc, phu hgp véi
quan diém day hoc phét hién va giai quyét van dé, xu thé d6i méi phuong phap day hoc hién
nay.

Thit ba, cac bién phap su pham dé xuat phai tao ra nhiing kho khan, chudng ngai, mang
tinh vira stic d€ SV ¢6 thé tham gia vao qud trinh gidi quyét nhitng vin dé thuc tién gan véi
kinh té dan dén hinh thanh tri thitc méi va rén luyén cac ky niang.

Thit tu, hé théng cac bién phap su pham phai ddm bao tinh kich thich hitng thi hoc tap
ctia SV, nham phat huy tinh tich cuc va nang luc tri tué ctia SV.

Thit nidm, cac bién phap su pham dé xudt can dya vao vén tri thitc da c6 ctia SV, ¢6 tinh
kha thi va théng qua hé thong cac bién phap SV phai thdy dugc vai trd ctia cia minh trong viéc
tao ra ciing nhu tiép thu va ap dung tri thiic méi cu thé vao chuyén nganh kinh té.

3.2 Mot s6 bién phap rén luyén kj nang nghé nghiép théng qua day hoc XSTK
cho SV khéi nganh kinh té

Bién phap 1. Day hoc cac néi dung kién thirc méi thong qua xay dung cac bai toan m& dau
lién quan dén kinh té.

a. Muc dich, y nghia

Trudc mot bai todn hay mot tinh hubng cu thé gido vién (GV) dat ra, hoat dong giai quyét
van dé ctia SV sé dugc thyc hién, ho phai tim hiéu, suy nghi dé nhan dién van dé; tim cach giai
quyét nhitng van dé dé. Tir d6 SV sé ty rut ra cong thiic, tu chiing minh dinh li, tim cach ghi
nhd tich cuc nhitng vin dé can linh hoi, tu tim ra cach gidi hay va gon nhitng bai toan li thuyét
hay thuc hanh, -+ Két qua 1a SV linh héi dugc tri thitc toan hoc va hoc dugc cach ty kham pha.

Bién phap nay gép phan rén luyén ky nang giai quyét van dé cho SV, dac biét 1a cac van

dé gan véi thuc tién ctia sinh vién khéi nganh kinh té.
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b. Cach thuc hién
Trong gidng day moén hoc, mbi ndi dung kién thitc méi dugc trinh bay bat dau bé“mg mot
tinh hudng hay mét bai toan cy thé lién quan dén kinh té. Viéc phan tich tinh huéng théng qua
cac cau héi goi van dé sé 1am kich thich suy nghi ctia SV va gitp SV tu tim ra cac kién thuc,
qua d6 6 thé tiép thu dé dang. Chang han tinh hudng day hoc cong thiic xac suat day du va
cong thic Bayes sau:
GV néu bai toan. C6 ba 16 hang méi 16 c6 20 san phdm, trong d6 16 thit i c6 i + 2 phé pham
(i = 1,2,3), con lai la chinh phdm. Chon ngiu nhién moét 16 hang, rdi tir 16 hang d6 1y ngiu
nhién ra 2 sdn pham. Tinh cac xac suét sau:
a) Hai san pham lay ra la hai phé phdm.
b) Chon dugc 16 hang thit hai, biét rang hai sdn phdm lay ra 1a hai phé pham.
(1) Hay xac dinh phép thi ctia bai toan?
CTLMBD: Bai toan c6 2 phép tht, thit nhét : chon 116 hang, thit hai : 14y ra 2 sdn phdm tir 16
hang da chon.
(2) Phép thit thit nhat (chon mot 16 hang) c6 bao nhiéu trudng hop xay ra?
CTLMBD: C6 ba truong hgp, duoc 16 thua nhéit, tha hai hodc 16 thi ba ?
(3) Nhu vay phép thit trén sé tao thanh cac bién cb c6 tinh chat gi?
CTLMBD: Céc bién cb tao thanh hé bién c6 day da.
GV minh hoa bang so d sau:

Lo 1: 17cp, 3pp
Chon 1 16 /Léll‘ 2
Ly 2s
Lo 2: l16cp, 4pp N Oh102=2 8o
Lo 3: 15¢p, Spp

Goi A; “Chon dugc 16 hang tha i”7, i = 1,2, 3.
Suy ra P(A;) = P(Ay) = P(As) = % va {A;, A2, A3} 1a hé bién cb day du.
Goi A “Hai san pham lay ra la hai phé pham”
(4) C6 bao nhiéu trudng hgp dé A xdy ra?
CTLMBD: C6 3 truong hop (lay 2 phé pham tir 16 1,16 2 hodc 16 3).
(5) Mbi truong hop A xdy ra c6 bao nhiéu giai doan?
CTLMD: 2 giai doan
- Giai doan 1 : Chon 16 hang
- Giai doan 2 : Lay 2 phé pham tir 16 hang tuong ting
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(6) Stt dung quy tac cong va quy tac nhan hinh thanh cong thiic ctia P(A)?

CTLMD: P(A4) = P(4;).P (i) + P(A3).P (i) T P(A3).P (i)

(7) Phat biéu cong thic trén § dang tong quat?

(8) Yéu cau & cau b ctia bai todn dugc tinh dyra vao cong thiic nao da biét ?

CTLMB: Cong thuic xac suat c6 diéu kién.

(9) Hay xéc dinh cac bién c6 dé bai yéu cau?

CTLMBD: “Hai san pham l4y ra la hai phé phdm” 1a bién ¢ A ; “chon dugc 16 hang thi 2”

Ia bién cé A2. Nhu vay dé bai yéu ciu tinh P (A?) = P](f(%l)-

A

(10) Dya vao cac truong hop da tinh A, hay tim két qua cho P(A,A4)?
A

CTLMD: P (A;A) = P(Ay)P (A) . GV hinh thanh cong thitc Bayes cho SV.
2

(11) Khi nao st dung cong thitc xac suat day du va cong thitc Bayes?

GV cting c6: Cong thtic xac suat day du va cong thic Bayes thuong dugc sit dung dé tinh
Xéac suét clia cac bién cb ctia hai phép thit lién tiép, két qua ctia phép thir thit nhat dugc st
dung cho phép thir thit hai va phép thit thit nhét tao ra hé bién c6 day du.
Bién phap 2. Ting cuong cac vi du va bai tip theo hudng van dung XSTK giai quyét cac van
deé cu thé ditra trong kinh té

a. Muc dich, y nghia

Thuc tién dong vai trd quyét dinh ctia qua trinh nhan thiic, 1a tiéu chuan chan li ciia Toan
hoc ciing nhu cac khoa hoc khac. Tinh thuc tién ctia Toan hoc thé hién qua tng dung ctia Toan
hoc vao trong thuc tién doi séng. Thuc tién con c6 vai trd quan trong trong viéc hinh thanh cho
SV ky nang giai quyét van dé vi né 1a méi truong rat thuan 1oi cho SV rén luyén, phat trién ki
nang, ky xdo va ndm vitng kién thiic da hoc.

Bién phap nay gép phan phat trién kj ning giai quyét van dé bao gom: Phan tich van dé,
hiéu van dé, chon lya va xac dinh giai phap, thuc thi gidi phap, danh gia két qua.

b. Cach thuc hién

Trong qua trinh giang day, GV dua ra cac vi du va bai tap ing dung theo huéng van dung
titng noi dung kién thitc giai quyét cac bai toan dat ra cu thé vé kinh té. Diéu nay khong nhitng
gitip SV hing thu hon trong hoc tap ma con cho SV thay dugc cac kién thirc vé XSTK nhu cong
cu dugc st dung dé giai quyét cac van dé lién quan dén thuc tién nghé nghiép ctia ho sau nay.
Chang han cac vi du dp dung cu thé sau:

e Van dung cac cong thitc tinh xac suat dua ra cac nhan dinh, du doan

Vi du. Trudc khi dua sdn phdm ra thi trudng, ngudi ta da phdng van ngdu nhién 200 khach

hang vé san phdm d6 va thay c6 34 ngudi tra 10i “sé mua”, 97 ngudi tra 16i “c6 thé sé mua”
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Bang 1: Bang nhu cau ctia cudn nién giam.

Nhu cau () cuon | 20 | 21 22 23 | 24 | 25
Xan suat (P;) 0310251018 | 0,14 | 0,1 | 0,03

va 69 ngudi tra 16i “khong mua”. Kinh nghiém cho thay ty 1é khach hang thuc sy sé mua san
phdm tuong ting vdi nhitng cach tra 16i trén 1a: 70%; 30% va 1%.

a) Hay danh gia thi trudong tiém nang ctia sdn pham do.
b) Trong s6 khach hang thuc sy mua san pham thi c6 bao nhiéu phan tram tra 15i “sé mua”.

e Van dung cic phan phoi xac suat dic biét trong kinh té

Vi du (4p dung phan phbi chuin). Kha ning thu hdi ng ctia cic can bo tin dung & mot
ngan hang la bién ngau nhién phan phéi chuan véi muc thu héi trung binh 1a 30 ty. Biét rang
kha nang thu hdi dugc trén 36 ty 1a 11,51%.

a) Tinh xac sudt dé mot can bo tin dung thu hoi dugc tir 26 ty dén 32 ty.

b) Biét rang kha nang tra ng ctia khach hang dudi 24 ty 1a 0,8, tir 24 ty dén 36 ty 1a 0,6 va trén
36 ty 1a 0,4. Tinh xac suit dé€ mot can bo tin dung thu héi duge nog.

¢) Ngan hang tra thudng cho can bo thu hdi dugc ng dudi 24 ty 1a 10 triéu dong, tir 24 ty dén
36 ty 1a 15 triéu dong va trén 36 ty 1a 20 triéu dong. Muc tién thudng trung binh ctia can bo
tin dung la bao nhiéu?

e Van dung y nghia ky vong trong lya chon phwong an dau tu, kinh doanh

Vi du. Gia stt mét cita hang sach du dinh nhap mot s6 cudn nién gidm thong ké. Nhu cau
hang ndm ctia cudn nién giam nay dugc cho trong bang sau:

Ctra hang mua véi gid 7 ngan/cubn ban véi gia 10 ngan/cubn. Song dén cudi nam phai
ha gia ban hét véi gia 4 ngan/cudn. Ctra hang mudn xac dinh s6 lugng nhap sao cho 1gi nhuan
ky vong 16n nhat?

e Van dung y nghia ctia phuong sai dé danh gia muc do rdi ro trong dau tu kinh doanh

Vi du. Mot nha dau tu dang can nhéc gitta viéc dau tu vao hai du 4n A va B trong hai linh
viyc doc lap nhau. Kha nang thu hdi von sau 2 ndm (tinh béng %) ctia hai du an la cac bién

ngau nhién c6 bang phan phéi xac suit nhu sau:

Bang 2: Bang du an A.

Xa 65 67 68 69 70 71 73
P(X4)| 004012016 | 0,28 | 0,24 | 0,08 | 0,08

Hay danh gia kha nang va muc d6 rdi ro thu hdi vén ctia 2 dy 4n dau tu trén?

e Bai toan 4p dung udc lugng, kiém dinh giai quyét cac van deé cu thé trong kinh té nhu:
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Bang 3: Bang du an B.

Xp 66 68 69 70 71
P(Xg)| 012 | 0,28 | 0,32 | 0,20 | 0,08

e Kiém tra, danh gia 1gi nhuan trung binh, hiéu qua ctia mot phuong phap cai tién trong

san xuét, kinh doanh.

e Udc lugng vé chi tiéu, thu nhap trung binh, tir d6 dua ra nhiing quyét dinh diéu chinh
hop ly.

e Kiém tra, danh gia chat lugng san san pham so véi cong b6 ctia doanh nghiép,...

Vi du. Diéu tra vé muc chi tiéu (CT) (triéu dong) ngau nhién 160 SV ngoai tinh & truong
Pai hoc Lac Hong thu dugc bang sb liéu sau:

Bang 4: Bang muc chi tiéu hang thang ctia SV Pai hoc Lac Hong

cr (111211314 15|17 (18|19 2 [21|22(23|24|25|26|27]|3

sésv | 5| 3 2 1127 ] 6 7 3 (60| 2 6 4 4 |23 |1 1 |5

a) Hay udc lugng miuc chi tiéu trung binh hang thang ctia SV ngoai tinh truong Pai hoc Lac
Hong?

b) Hién nay ty 1é SV ngoai tinh ctia Pai hoc Lac Hong c6 mc chi tiéu 1a 1,4 triéu dong/thang
khoang 60%. Hay kiém tra khang dinh trén v6i muc y nghia 5%?

Nhu vay sau vi duy, SV sé hiéu rd hon vé muc chi tiéu hang thang. Hon nita, SV ¢6 thé so
sanh muc chi tiéu ctia minh v6i muc chi tiéu trung binh, tir d6 giup ho thay d6i thoi quen chi
tiéu dé c6 mot miic chi tiéu hgp li nhat trude tinh hinh gia ca leo thang nhu hién nay.

Bién phép 3. Rén luyén cho sinh vién kha niang biéu dién, xi ly s6 liéu va hinh thanh cac
biéu tugng thong ké

a. Muc dich, y nghia

Théng keé 1a khoa hoc nghién ctru cac hién tugng ngau nhién c6 tinh chat sb 16n trén co s
thu thap va xtt Iy cac sb liéu théng ké — cac két qua quan sat. Nhu vay noi dung chi yéu ctia
thong ké 1a xay dung cac phuong phap thu thap va xt 1y cac s6 liéu thong ké nham rit ra cac
két luan khoa hoc va thuec tién.

Vai tro ctia thong ké c6 thé thay ro d6i vdi toan xa hoi, khong chi & pham vi quéc gia ma
ca trong pham vi khu vuyc va toan cau. S6 liéu thong ké dugc st dung thudng xuyén trén moi
binh dién, moi linh vuc ctia ddi sbng xa hdi, tir xdy dung ké hoach va hoach dinh chinh sach
ctia qudc gia dén nhitng cudc hoi thao, cac cong trinh nghién ciru, gidng day, -+ Dac biét trong
kinh doanh, thong ké dugc st dung dé : Thong bao cho cong ching, du bao cho viéc lap ké
hoach va ra quyét dinh+ Nhung thuc té gidng day thdng ké cho thay SV chua that hiing thu
khi hoc phan nay.
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Bién phap nay sé gép phan rén luyén cho SV ki nang thu thap, biéu dién va xit ly s6 liéu
thong ké.

b. Noi dung va cach thuc

Trong qua trinh 1én 16p GV nén danh moét s6 thoi gian nhat dinh dé gidi thiéu mot s6 vi
du c6 ndi dung thuc tién nham gitp cho SV budc dau hinh thanh céc biéu tugng truc quan vé
thong ké va biét cach biéu dién, xtr Iy cac s6 liéu. GV can lam cho SV thay dugc tam quan trong
ctia cac khai niém, céc loai so do, biéu d6, bang biéu, do thi...trong thong ké toan. Mot s6 loai
biéu tugng trong thdng ké toan can dugc trang bi cho SV khi hoc hoc phan XS - TK nhu sau:

e Hinh thanh biéu tugng truc quan vé bang tan s6, bang tan suét

GV can phan biét cho SV vai tro, cach st dung bang tan s6 va tan suat trong viéc biéu dién
sb liéu. Chéng han, vi du sau: Mt giébng lon A dugc nudi thit nghiém & mot trang trai. Dé
danh gia chat lugng, ngudi ta can trong lugng ctia dan lon sau khi xuat chudng va thu dugce
két qua mo ta trong Béng

Bang 5: Bang trong lugng ctia giéng lon A.

Trong luong (kg) | 85 | 87 | 88 | 89 | 90 | 91 | 93 | 95
Tan so 1012012520 (12| 8 13|13 | N=121

V6i bang tan s nay, ta c6 thé so sanh dugc ty 1é s6 sb lon c6 trong lugng 68kg so véi sb
lon c6 trong luong 71kg chéng han. Khai niém tan suét trong tinh huéng nay chua that su can
thiét. Nhung, néu van dé 1a c6 hai giéng lon A va B ciing dugc dua vao nuéi thir nghiém va
qua sb liéu vé trong lugng khi xuat chudng dudi day ta can dua ra quyét dinh chon gidéng lon

nao dua vao nudi dai tra thi khai niém tan suat la can thiét.

Bang 6: Bang trong lugng ctia hai giéng lgn A va B.

Trong luong (kg) | 85 | 87 | 88 | 89 | 90 | 91 | 93 | 95
Tansb (gibng A) | 10 | 20 | 25 |20 | 12| 8 | 13 | 13 | N — 121
Tan s (gibng B) | 14 | 22 |30 |30 | 15| 7 | 11 | 12 | N = 139

e Hinh thanh céc biéu tuong truc quan vé db thi, biéu dd G day cAn phan tich cho SV vai
trd va cach st dung cac biéu d6 phit hgp véi yéu cau méi bai toan. Co thé lap bang phan tich
dac trung ctia cac dang do thi théng ké nhu trong Béng

Hon nita khi day phan nay, GV c¢6 thé dat ra mot bai tap 16n vé nha cho SV nhu sau: Tai
sao khi da thu thap dugc sb liéu vé mau thi phai sdp xép ching lai va mo ta theo mot hinh
thitc nao d6? Hay phan tich uu diém ctia cac hinh thic mo ta sau:

(1) Bang phén phbi tan sb
(2) Bang phan phéi tan sb tich liy

(3) Bang phan phbi tan suat
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Bang 7: Bang trong lugng ctia hai giéng lon A va B.

bo  thi Tinh hudng st dung Dac trung
thong ké
Dac diém day dir lieu Muc dich str dung
Biéu do | Bién dinh tinh hodc dinh | So sanh su pho bién ctia | Chiéu cao (hodc chiéu
doan luong roi rac cdc gia tri khac nhau | dai) cot ti 1& sb luong
thang va trong day dir liéu phan tir ting véi tiing gia
biéu dd tri cia bién quan sat
hinh c6t
Biéu do | Cac thanh phan trong | - M6 ta ciu tric thanh | Dién tich hinh quat ti 1é
hinh mot tong thé phan co chu ctia dir liéu - | véi tan sb (tan suét) ctia
quat So sanh ty trong gitta cac | cac thanh phan trong
thanh phan day dit liéu.
Biéu do | Bién dinh lugng (lién | - Xem xét phan bd dit | La mo6t hinh thang tao
tan s tuc) v6i khoang chira tat | liéu - So sanh hai mau | nén bdi nhiéu hinh chit
cd cac gia tri quan sat | sb liéu - Du doan dudng | nhat c6 day bféng h va
duoc chia ra thanh mét | cong ham mat do 1y | chidu cao béng i
s6 doan c6 chiéu dailah | thuyét h
va tai mdi doan dua vao
cac tan sb ni.
Biéu do | Bien dinh lugng (lién | - Xem xét sy tien trién | La mot hinh thang tao
tan sudt | tuc) v6i khoang chira tat | ctia mat do (tan sb, tan | nén bdi nhiéu hinh chit
c& cac gia tri quan sat | sudt). - So sanh hai ddy | nhat c6 day bang h va
dugc chia ra thanh mét | s6 liéu - Dy doan dudng hid S i
4 C 1AL qnc 1 R ~ 1~ 12 | chiéu cao bang ~—-.
s0 doan c6 chieudailah | cong ham mat d6 ly h
va tai méi doan dua vao | thuyét
cac tan suat f;.

Bang 8: Bang trong luong ctia lgn c6 dung thudc tang trong.

Trong lugng (kg)

65 | 67 | 68 | 69 | 70

71

73

SO con

1131476

2

2

(4) DO thi hinh cot

(5) Db thi hinh banh xe
(6) Buong da giac

e Hinh thanh biéu tugng truc quan veé gia tri trung binh, phuong sai mau, d6 léch mau

Day hoc phan nay can lam cho SV hiéu y nghia va cach st dung ting tham sb dac
trung & trén. Chéng han, vi du sau: Tai mét trai nudi lon ngudi ta 4p dung thtr mot loai thube
tang trong b sung vao khau phan thitc &n cta lgn. Sau khi nuéi ba thang thu dugce két qua
mo ta trong cac Bang 8 va 9. Lap bang tinh todn cac gia tri ta thu duoc:

Mau 1: 7 = 69, 16; 82 = 3,2233; MAu 2: 7 = 59, 92; s = 7, 5767.

Nhu vay thong qua gia tri trung binh vé trong lugng sau 3 thang tudi va mirc d6 phan tan

ctia trong lugng so vdi trong luong trung binh ta thay dugc hiéu qua ctia thubc ting trong.

Bién phap 4. Hudng dan sinh vién sit dung phan mém Excel giai cac bai toan thong ké

111



Tép 11, S6 1, 2017 Tran Vin Hoan

Béang 9: Bang trong lugng ctia lgn khong dung thudc tang trong.

Trong luong (kg) | 55 | 56 | 58 | 59 | 60 | 62 | 63 | 65 | 67
SO con 1124 |56 |3 |2]|1]1

a. Muc dich, y nghia

Véi su bung né ctia cdng nghé thong tin (CNTT) nhu hién nay da va dang tac dong rat 16n
vao moi trudng gido duc. Do d6 viéc nghién ctiu, sit dung cac cong cu ctia CNTT dé ap dung
vao gidi cac bai toan sé mang lai nhiéu loi ich thiét thuc. Hon nita, thong qua viéc giai cac bai
toan bang cach dung cac cong cu CNTT hd trg sé budc dau hinh thanh va phat trién tu duy
thuat giai cho SV. Day 1a mot dang tu duy can dugc trang bi cho SV trong thoi dai hién nay.

b. Cach thuc hién

Trong qua trinh gidng day bén canh viéc hudng dan SV sit dung mdy tinh b ti dé tinh
cac tham sb ddc trung ctia mau, thi GV can hudng dan sinh vién thuc hién cac bai todn théng
ké nhu: bai todn udc lugng, kiém dinh bang phan mém Excel. Stt dung Excel dé phan tich
théng ké bdi vi:

e Excel sdn ¢6 & cac van phong
e Excel di manh dé giai quyét cac van dé thong ké thudng gap
e Ngudi stt dung c6 thé hiéu dugc y nghia ctia cac van dé théng ké

Vi du. (St dung Excel giai bai toan udc lugng mic chi tiéu trung binh ctia sinh vién truong
Dai hoc Lac Hong)

Giai. Goi i 1a muc chi tiéu trung binh hang thang ctia SV ngoai tinh & truong Pai hoc Lac
Hong. Ta sé udc lugng u véi do tin cay 95%.

Budc 1: Lap bang tinh cac tham s6 dic trung cua mau (trung binh mau va do léch mau
hiéu chinh).

Budic 2: Tinh d6 chinh xéc ctia u6c lugng bang ham confidence

e = ta% — CONFIDENCE(a, s,n)

Budc 3: Tim can dudi va can trén cua udc luong (z £ ¢).
Bién phép 5. Hudng dén xay dung cac quy trinh véi nhirng budc cu thé cho méi dang bai
toan trong XSTK

a. Muc dich, y nghia

Giai bai tap la mot trong nhitng hoat déng c6 vai tro quan trong trong day hoc Toan. Do
d6 GV can c6 nhiing bién phap su pham hop ly d€ t6 chitc c6 hiéu qua viéc day bai tap sé gop
phan nang cao chét lugng hoc tap, cling nhu gitip cho SV rén luyén k¥ ning giai quyét van dé,
ma van dé & day cu thé 1a yéu cau dit ra ctia bai toan. Bién phap nay gitip cho SV rén luyén

dugc cac kj ndng can thiét nhu: lién tudng, huy dong kién thiic, chuyén déi ngdn ngit...
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—::i/ Home Insert Page Layout Formulas Data
= °"‘ et Arial i <A K=
Paste A cenr B J U- (|- A |
- J Format Painter = 1
Clipboard fa Font f
622 . 5|
Pl A | B | ¢ | Db | E
1| STT X Ni NN | XN
2 1 1 5 5 5
3 2 1.2 3 3.6 432
17, 16 2.7 1 2.7 7.29
18 17 3 5 15 45
19 Tong 160 3156 | 651,12
20 Trung binh mau 1,9725
21 _ Trung binh cia binh phwong 4.0695
22 Phuong sai mau 0,17874
23  Phwong sai mau hiéu chinh 0,17987
24 1éch mau hiéu chinh 0,42411
Db chihsic coawioluong | [00es72
26 Cén dudi 1,90678
27 Cén trén 2,03822

Hinh 2: Bang minh hoa stt dung Excel trong bai toan udc lugng.

b. Cach thuc hién

GV hudng dén viéc trinh bay cach gii cac bai todn cu thé dudi dang quy trinh. Diéu nay
sé 1am ting kha ting tu hoc ctia SV. Hon nita, thong qua cac quy trinh d6, nhitng kién thic sé
dugc ghi nhd 1au hon va dé dang ap dung khi can thiét.

Trong qud trinh 1én 16p trong cac gid day gii bai tap, GV dua cac vi du dién hinh, thuc
hanh lam mau cho SV, sau d6 dua ra cac dang toan tuong tu hodc lién quan, yéu cau SV tim ra
quy trinh giai cho tirng dang toan.

Chéng han véi bai todn tinh xac suit bang dinh nghia dugc thuc hién theo quy trinh gém

cac budc sau:

Budc 1: Xac dinh va dat tén cho bién ¢b can tinh xac suét.

Budc 2: Xac dinh phép thit ctia bién cb va tinh sb bién c6 so cdp ctia phép thir.
Budc 3: Tinh s bién cb so cAp thuan 1gi cho bién c6 can tinh xac suét.

Budc 4: Dung cong thiic xac dinh xac suét trong dinh nghia dé tinh xac suét.

Hay véi bai toan tinh xac suat sit dung cong thirc xac suat day da, cong thirc Bayes ta c6

thé thuc hién theo cac budc sau:
Budc 1: Goi bién ¢b can tinh xac suét.
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Budc 2: Phan tich chi ra mot hé bién c6 day du.
Budc 3: Stt dung cong thitc day du, Bayes dé tinh toan.
Budc 4: Két luan.

Vi du. Huéng dan SV giai bai toan Biét rang xac sudt dé mbi sdn phdm dugc san xuét ra
ti day chuyen [, II, III, IV 1a phé pham tuong tng 1a 5%, 8%, 4% va 10%. T mot 16 gdm 10 san
pham ctia day chuyén I, 15 sdn phdm ctia day chuyén II, 7 san pham ctia day chuyén III va 8
san phdm ctia day chuyén IV, ldy ngau nhién ra 1 san pham.

a) Tinh xéc suat dé nhan dugc phé pham.

b) Gia str da biét san pham nhan dugc 1a phé pham, hay cho biét san phdm d6 c6 kha nang
dudgc san xuét tir day chuyén nao 1a 16n nhat?

Budc 1: Goi A “San pham l4y ra la phé phdm”.

Budic 2: Goi Di “San pham 14y ra do day chuyéni san xuat”, i = 1,2,3,4.Khi d6 {D;, Da, D3,D,}
tao thanh hé bién c6 day du, vé6i: P(D;) = 0,25, P(Dy) = 0,375(0), P(Ds) = 0,175, P(Dy4) =
0,2, P (Dy/A) = 0,2878 = 28, 78%.

Budc 3: Ap dung cong thtic tinh toan.

. o 1
a) Ap dung cong thic xac suat day du P(A) = ; P(D;).P (;) =0,0695 = 6,95%

b) Ap dung cong thiic Bayes

P(%)W

ta duoc P (D;/A) = 0,1799 = 17,99%; P (Dy/A) = 0,4317 = 43, 17%;
Budc 4: Vay san phdm d6 c6 kha nang dugc san xuat bdi day chuyén II 1a cao nhét.
Tuong tu GV huéng dan sinh vién tim ra quy trinh cho céc bai toan: Tinh xac suat ap
dung cong thitc cong, nhan, cé diéu kién; wéc lugng cac tham sé clia tong thé; kiém dinh gia
thuyét thong ké...

4 Kétluan va kién nghi

Nhu vay cac bién phap trén da budc dau dinh huéng viéc gidng day mon hoc XSTK véi
muc dich rén luyén kj niang nghé nghiép cho SV khéi nganh kinh té dugc quy dinh trong
chudn dau ra véi yéu cau cao.

Viéc rén luyén cac ky nang nghé nghiép dugc quy dinh trong chuan dau ra ctia tirng mon
hoc ddi véi tirng chuyén nganh dao tao hudng dén day hoc dap ting chudn dau ra la yéu cau
thuc sur cap thiét. Vi thé, cAn c6 su nghién ctru mot cach nghiém tic, 1au dai ctia cac nha gido
duc nham tim ra cach thitc gidng day cho méi moén hoc déi véi mébi chuyén nganh dao tao mot
cach phit hop nhat. Néu lam dugc diéu d6 thi c6 thé tin rang cong tac ddi méi trong gido duc
va dao tao & Truong Dai hoc Lac Hong sé c6 mot budic tién méi, hiéu qua va ving chac.
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TOM TAT

Dua trén két qud khdo sdt budc dau kho di sin Han Nom & Vigt Nam, bai viét trinh bay tong quan
cdc nghién ciru vé Todn hoc Viét Nam thoi ki Trung dai v toan bg di sdn sich Todn Hdn Nom hién ton;
tir dé dé xudt mot s vin dé dinh hudng nghién ciiu, khai thdc di sin sich Todn viét bing chit Hin va
chit Nom.

Tur khoéa: Lich st toan hoc, Han Ném

ABSTRACT

The purpose of this paper is to provide a brief description of the Vietnamese mathematical treatises
from the 15th to the beginning of the 20th century.

1 Tong quan cac tai liéu viét ve toan hoc Viét Nam thoi Trung
dai

Nhitng nguoi dau tién viét vé toan hoc va thién van hoc Viét Nam c6 18 1a nhitng nha

truyén gido, nha buén va nha du lich, thadm hiém phuong tay. Nha du lich vong quanh thé gi6i
W. Dampier 1a ngudi nuéc ngoai dau tién nhic téi toan hoc Viét Nam. Ong da viét vé ngudi
Tonkin (Bac Ki) nhu sau: Ho it chii yj tdi todn hoc, cé vé cd hiéu biét chiit it vé hinh hoc va s6 hoc va
hiéu biét vé thién vin hoc nhiéu hon. Ho c6 lich phdp riéng nhung t6i khong ro la chiing duoc lam tai
dang ngoai hay dugc dua tir Trung Qudc sang ([16], Ban dich, trang 80-81).
Mot sb nha st hoc Viét Nam hodc cac nha nghién ctru lich st khoa hoc tu nhién va lich sit todn
hoc trén thé gidi ciing da dé cap tdi toan hoc Viét Nam, nhung rét so sai (xem, thi dy, [9]). Cac
sach tiéng Viét viét vé lich st toan hoc cling gan nhu khong dé cap tdi lich sif toan hoc Viét
Nam thoi Trung dai (xem, thi du, [14], [15]).

Mot cach tiép can khoa hoc, gitp gidi ma nhiéu cau hoi hién nay con md, la huéng tim hiéu
lich stt todn hoc Viét Nam thé ki XV-XIX qua khai thac truc tiép di san sach toan Han Nom.
Vao nam 1943, Hoc gid Hoang Xuan Han da viét mot bai nghién ctru vé ma phuong (xem [5])
dua trén phuong phap ctia Nguyén Hitu Than (xem [A22]). Ong ciing viét mot bai vé thi toin
doi xua (xem [4]) va dac biét, cubn chuyén khao Lich va Lich Vi¢t Nam in nam 1982 [6] (sau dugc
in lai nhiéu 1an, xem, thi dy, [7]) 1a mot trong ba cong trinh dugc giai thuéng H6 Chi Minh ctia
Ong.

Ngay nhan bai: 17/6/2015 ; ngay nhan dang: 19/3/2016
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C6 18 ngudi nuéc ngoai dau tién quan tdm nghién cttu lich stt toan hoc & Viét Nam qua
sach toan Han Nom la nha toan hoc Nhat Ban Mikami Yoshio (1875-1950). Dua trén cuén Chi
minh todn phdp do nha dan toc hoc Nobuhiro Matsumoto mang veé tir Viét Nam ndm 1933,
Mikami Yoshio da viét mot bai bao tiéng Nhat ([23], 1934) v6i tieu dé Vé mét tic phdm todn ciia
An Nam, phan tich n6i dung Chi minh toin phdp. Tuy nhién, van chua rd Chi minh todn phdp ma
Mikami Yoshio nghién cttu c6 ding 1a cudn Chi minh Igp thanh toin phdp cia Phan Huy Khuong
([A2], 1820) hay khong. Ciing khong rd cudn Chi minh todn phdp ma Mikami Yoshio nghién ctru
hién nay vin con dugc luu gitt § Nhat Ban hay khong (xem [32]).

Nam 1938, nha nghién cttu lich st toan hoc va khoa hoc tu nhién ngudi Trung Qubc Zhang
Yong (1911-1939) da phat hién mang sach toan Han Ném trong kho sach ctia Vién Vién dong
Bac c6. Tuy nhién, Ong mat ndm 1939 va khong kip dé lai nhitng nghién ctru vé cac sach toan
Viét Nam, ngoai trit mot bai bao vé thién van Viét Nam ([22], 1940). Nam 1954, Li Yan Z~{# [19]
da thdng keé (8 cudn) cac sach toan Han Ném ma Zhang Yong mang vé tir Viét Nam. Dya trén
tu liéu nay, Han Qi #¥5 [18] da viét mot bai bao vé quan hé giita toan va thién van Viét Nam
vdi toan va thién van Trung Hoa. Gido su Ta Ngoc Lién da viét mot bai vé toan hoc Viét Nam
trong [10]. Gan day, Nguyén Xuan Dién va Ta Duy Phugng da viét mot s6 bai gidi thiéu cac
sach toan Han Nom (xem [2], [3], [13], [17]).

C6 thé néi, cho tdi nay, Alexei Volkov 1a ngudi duy nhat thanh cong va thanh danh trong
nghién cttu lich st toan hoc Viét Nam thoi Trung dai. Ong da viét khoang 40 bai nghién cttu
va bao cao khoa hoc vé Toan hoc, Thién van hoc va Y hoc Viét Nam (xem Tai liéu, Muc B). A.
Volkov da sang Viét Nam va Paris nhiéu lan, tim hiéu va nghién cttu cac sach toan Han Nom
tai thu vién Han Ném, thu vién Qubc gia va thu vién Paris. Dudi géc do ctia mot nha nghién
ctu lich st khoa hoc, toan hoc va giang day toan hoc, C)ng da tém tat noi dung hau hét cac
sach toan Han Noém. Ong da 1am bao cao mai & nhiéu Héi nghi Quéc té, dugc mai viét nhitng
bai téng quan vé todn hoc Viét Nam trong cac sach tir dién toan, cac sach chuyén khao vé lich
st todn va cac tap chi (xem, thi du, [24]-[36]). C6 thé néi, thé gi6i biét dén toan hoc Viét Nam
thé ki XV-thé ki XIX 1a nho cac bai viét ctia A. Volkov. Tap chi Zentralblatt [21] da danh gia bai
viét [24] ctia A. Volkov nhu sau: This well-researched work of the author is a valuable addition to the
history of mathematics. Nha nghién cttu lich stt thién van Nhat Ban Yukio Ahashi [20] viét: In
2002, Alexei Volkov published a paper on the Toan- phap dai- thanh. I think that this is a monumental

paper on the history of mathematics in Vietnam.

Qua day, chiing ta c6 thé thay rang, lich sl toan hoc Viét Nam tir 1au da thu hit sy quan
tAm cta cac hoc gia trong nudc va thé gisi. Tuy nhién, do tinh trang van ban, do rao can ngén
ngtt, van héa va thoi dai,.. ., khién cho nhiing cong trinh nghién ctiru éy van con can duogc bd
sung, hoan thién va khai thac, dé nhitng tinh hoa ¢ xua dugc dong hanh trong tirng budc tién

cuia khoa hoc hién dai.
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2 Tong quan veé di san sach Toan Han N6m

Danh muc sach toan Han Nom da duoc liét ké tuong dbi déy du trong [11], [24], [26], [28]
va [36]. Sach todn Han Noém hién nay (khoang 25 cuén), chti yéu nam trong Thu vién cta Vién
nghién ctru Han Ném, dugc luu trit duéi dang sach hodc microphim gdm 18 cubn (xem [11])
va da duoc tém tat noi dung trong [11] va [36]. Trong thu vién Qudc gia c6 4 cudn sach toan
Hén Nom, trong d6 c6 ba cudn da dugc s6 héa. Theo A. Volkov [28], tdng sb sach toan Han
Nom trong hai thu vién néi trén, 1a 22 cudn, trong dé c6 13 cudn viét bang chit Han, 9 cubn c6
ca chit Han va chit Ném. Ngoai ra con ¢ hai cuén & thu vién Vién Str hoc, mét s6 sach gido
khoa, trong d6 cting c6 mot phan ndi dung toan hoc (xem [11]). Mot s6 sach toan Han Nom
dugc luu trit dudi dang sach hodc microphim (MF) tai thu vién Vién dong Bac 8 (EFEO) Paris.
Tuy nhién, hinh nhu khéng ¢6 cudn sich nao & thu vién Paris ma thu vién Han Néom khong c6
(xem [11]).

Sb sach (8 quyén) ma Zhang Yong mang tir Viét Nam c6 tén trung vdi tén ctia cac sach
trong thu vién Han Nom (so sanh [18] v6i [11]). Tuy nhién, vin chua rd Zhang Yong da mua
nhitng cubn sach nay hay chép lai tir cdc cubn sach da c6 trong kho sach ctia Vién dong Béc cd.
Va ciing chua rd cac sach ciia Zhang Yong 6 ndi dung hodc ndm, noi xuét ban cé khac véi cac
sach trong thu vién Han Nom hay khong (xem [30]).

Dudi day 1a danh muc sach toan Han Nom hién ¢6. Noi dung dugc trinh bay co ban
theo [11] va [36] v&i mot s6 bd sung.

A1l. Bit toan chi nam 5 451

Téc gia: Tuan phti Quang Yén Nguyén Can B, hieu Huong Hué.

Kiéu Odnh Mau % %% , hiéu Ang Hién, duyét.

In nam Duy Tan tha 3 (1909), Ha Noi.

C6 2 ban in, 178 trang, khé 26x15, ¢6 hinh vé.

S6 thut ty trong Danh muc sach cta thu vién Han Nom [11]: 299.

Ma hiéu thu vién Han Nom: A. 1031; VHv 282; MF. 2318 (A.1031);

Ma hiéu thu vién Paris: EFED. MF. 11/1/52.

Biit todn chi nam gdm 5 chuong (5 quyén #4%). Chuong 1 trinh bay chi tiét bén phép tinh s6
hoc duéi dang nhu hién nay (khéc véi trude day nguoi Viét thuong st dung que tinh va ban
tinh). Chuong 2 Tap toin chita 21 bai toan khac nhau (stt dung phép chia, lap phuong trinh,...).
Chuong 3 trinh bay céc bai toan do rudng dat (hinh gidi han bdi cac doan thz?mg hoac cac duong
cong). Chuong 4 trinh bay phép khai can bac hai va bac ba. Chuong 5 la cac bai toan giai tam
giac vuong nho stt dung dinh li Pithagoras va 4p dung vao cac bai toan thuc té (do chiéu cao,
do khoang cach,...). Cubn sach nay da dugc chung t6i dich va bién tap so bo.

A2. Chi minh 1ap thanh toan phap 58 37 &%

Tac gia: Lao ph6 Phan Huy Khuong i HAE.
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Soan nam Minh Ménh thit nhat (1820).

C6 2 ban viét, 1 muc luc, c6 hinh v&, so d6, c6 chit Nom.

S6 thu ty trong Danh muc sach cta thu vién Han Nom [11]: 433;

Ma hiéu thu vién Han Nom: VHv 1185, 184 trang, khé 29x17;

A. 1240: 218 trang, 31x21; EFEO sao lai tir ban VHv.1185.

MF. 2391 (A. 1290). Paris. EFEO. MF. 11/1/89.

Cubn sach mg dau bang hinh vé ban tinh va bang lity thira ctia 10, don vi tién té, cac don
vi do d¢ dai, thé tich, dién tich va thé tich. Sau d6 1a cac bai toan tinh dién tich cac hinh gidi
han béi cac dudng thang hodc dudng cong. Dac biét, cubn sach chita mot bai todn thi gid dinh
(bai toan dugc soan tuong tu nhu dé thi) di dugc dich sang tiéng Viét bdi Hoang Xuan Han
([4], 1943) va sang tiéng Anh bdi A. Volkov ([31], 2012). Hién nay chua tim thdy mot dé thi toan
that su nao, vi vay c6 thé coi day la mot tu liéu qui trong tim hiéu gidng day toan hoc thdi xua.
A3. Clru chuong 1ap thanh tinh phap JLE 2
Chung t6i tim thy ndm quyén sach trung tén JL% .2 sau day.

Quyeén 1: Tac gid: Pham Hitu Chung 54, tu 1a Phiic 4§, soan.

In 1an dau vao nam Vinh Thinh Qui Ti (1713).

S thit ty trong Danh muc sach cta thu vién Han Nom [11]: 638.

Ma hiéu thu vién Han Nom hoac Paris: AB 173, 56 trang, khé 20x14. Day la cudn sach toan
Viét Nam c8 nhat (in ndm 1713) hién con dugc Iuu gitt. Cudn sach trinh bay cac bai toan dudi
dang ca Nom, khong chia thanh cac chuong va chita bang nhan, tinh cong trir nhan chia, tinh
dién tich cac hinh phang (da gidc, tron, ban nguyét,...), tinh toan v6i mau s6 chung va bai toan
phan b ti 1¢, cac bai toan dang sai kép,...Cudn sich cling chita cac bai toan dugc viét dudi
dang truyén thdng: Bai toan-Dap s6-Loi gidi. Theo Hoang Xuan Han [4], cudn sach nay dugc
viét dua theo cudn Dgi thanh todn phdp ctia Luong Thé Vinh va da dugc stt dung lam sach luyén
thi trong mot thoi gian dai. Ngoai ra con c6 bén quyén fLE A% sau day.

Quyén 2: Ma hiéu thu vién Han Nom: AB 563, 44 trang, khd 17x13. Paris BN.B.29 Viet-
namien.

Quyén 3: Thu vién chiia Thang Nghiém. S6 anh: 43.

Quyén 4: Thu vién gia dinh Ong Lé Mai Btru (Thanh Héa). Ma hiéu: B275.

Quyé7n 5: Thu vién Vién Thong tin Khoa hoc Xa h¢i. Ma hiéu:ISSI HN00000959.

Hai cubn dau duogc liét ké trong [11] 1a Citu chuong lgp thanh todn phdp U5 SRR,

A4. Clru chuwong 1ap thanh toan phap L& 7 s %

Quyén 1: Tac gid: Pham Phiic Can 548 % . Dang: khac in. 17 x 12 cm. 22 nh.

Thu muc sach Han N6m & Thu vién Qudc gia Ha Noi, 2004: trang 84-85.

Ma hiéu Thu vién Qubc gia: R.1649. Ma hiéu s6 hoa: NLVNPF-0561.

Dau séch c6 bai tho khuyén ké si luu tam chuyén chi hoc mon toan phap. Noi dung chinh
gom cac phan muc: Khéi tdng vi phap [#2##5H72:], Cltu chuong phéap [JL# %], Quan dién phap
[EH %], Tu dién phap [EH %], Binh phan phap [*F-/3i%]. Cac phép do tinh rudng dat, ...
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Quyé’n 2: Kich ¢&: 24 x 13 cm; S6 anh: 20. Ban viét tay.

Ma hiéu Thu vién Qudc gia: R.120. M4 hiéu sb héa: NLVNPF-0562.

Thu muc sach Han Nom & Thu vién Qubc gia Ha Noi, 2004: trang 84-85.

Nam viét: Thanh Thai thap nhét nién (1899).

No6i dung: sach day cach lam todn, tinh dién tich ruéng, dang toan d6 nhu bai Chang di
thiép mdi trong cdy, chang vé cdy di ra ba bdy canh, mgt canh ra bdy tridm hoa, thiép di gid chy ba hoa
bdy dong, xin chang tinh ldy cho thong, thoi chang mdi dugc nhdp phong dém nay. Hoi bao nhiéu hoa,
thanh tién bao nhiéu? hodc bai: Cé mot cdi kho chu vi 36 xich, cao 8 xich, hdi chita duoc bao nhiéu théc.
Gidila...ddpla....Cé cac bai tho vé phép do rudng c6 kiéu nhu: kiéu sting trau, kiéu md, kiéu
cong, kiéu ghp khtic, kiéu tron, kiéu ban nguyét, ... Cudi sach c6 cac don vi do, don vi tién ...
A5. Clru chuong toan phap JL# 572

Mot tén khac ctia cudn sach 1a Ciru chuong todn phdp ldp thanh J1L3 7RG .

S thit ty trong Danh muc sach ctia thu vién Han Nom [11]: 639.

Ma hiéu thu vién Han Nom: VNbD 30, 150 trang, kho 21x14;

TS cudi cung ghi bang myc dé: -
Prc 35, titc nam 1882).

AB. 407, 150 trang, kho 24x14; Paris BN.B.29 Vietnamien.

Ban nay c6 S6 hoc tiéu din va Ciru chuong todn phdp bang chit Nom. Noi dung gém cac phép

-+ Ty Dtic tam thap ngii nién phung bién” (Viét nam Ty

toan s6 hoc, bang tén cac sb 16n lity thira ctia 10, bAng nhan 9x9, phuong phap khai cin bac
hai, dua vé mau sb chung, déi don vi do va don vi tién té, tinh toan dién tich cac hinh phéng,
phén bd don gidn va phan bé ¢6 trong. Muc tiép theo chira mot lugng 16n cac bai toan cac loai
khac nhau, trong d6 c6 mot sb bai toan gidi phuong trinh, thi du, bai toan cd Trung Hoa vé s6
cac con thé va con ga c6 téng cong 36 dau va 100 chan (sau nay dugc bién thé thanh bai Vi ga
vira ché. .. cia Viét Nam). Mot s bai tho, ca Han va Nom vé toan cho dé hoc, dé nhé.

A6. Dai thanh toan hoc chi minh K5 2501

Téc gia: Son Tay B6 chinh sit Pham Gia Ki {8740 khdi thao,

Qubc tir giam tu nghiép Pham Gia Chuyén i 5% hiéu dinh.

S6 thit tu trong Danh muc sach cta thu vién Han Nom [11]: 895.

Ma hiéu thu vién Han Nom: A 1555, 114 trang, khé 28x16, ¢ hinh vé.

Theo [36], cudn sach chita 20 muc nhd, mét s6 muc khép véi cudn sach toan kinh dién
Trung Hoa Ciru chuong toin thugt. Thi du, muc 16 trinh bay phuong phép vi tri sai kép. Nhung
mot s& phan khéc cling chiing té sy khéc biét. Thi du, Muc 1 phan loai 15 khéi thang chita 15
dang khac nhau, hinh nhu khong ¢6 trong cac sach toan Trung Hoa.

A7.Dai thanh toan phap K%

Theo [36], cubn sach dugc viét bang chit Han c6 chita mot sé muc viét bang chit Nom.
Cubn sach gdm: cac phép toan s6 hoc, cac don vi do, va mot s6 cac bai toan tinh dién tich cac
hinh phang, phan bé don va phan bé c6 ly, tinh thué rudng, ddi tién, qui tac khai can bac hai

va bac ba khong c6 trong cudn sach.
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Diéu nay khang dinh rang cubn sach nay khac véi cudn Citu chuong todn phip JLE 5% 1882,
trong d6 c6 mo6 ta qui tac khai can bac hai va bac ba, mac du hai cudn sich nay duoc liét ké
chung nhau trong [11].

A8. Lap thanh toan phap 7 572

S6 thit tu trong Danh muc sach ctia thu vién Han Nom [11]: 1847.

Ma hiéu thu vién Han Nom: VHv 497.

C6 1 ban viét, 50 trang, khé 24x13. C6 hinh v&, ¢6 chit Nom.

Ban viét tay chit Han chita phan nhap dé vé cac phép toan sb hoc va bang nhan, sau d6
la tinh toan dién tich cac hinh phang kém theo mot s6 hinh vé. Phan con lai 1a cac bai toan cac
dang khac nhau.

A9. Lap thanh toan phap 7. 5%

Lép thanh todn phdp 37 2 tai thu vién vién St hoc (Ha N6i) ¢6 ma sb Hv 261. Phan tich
s0 bo (xem [8]) chi ra rang ban nay khong triing véi ban VHv 497. Tén that su va thoi gian bién
soan cuén sach Hv 261 chua xac dinh dugc, vi cac trang dau tién ctia ban thao da rach nat va
cac trang cudi bi mét.

A10. Thong tong toan phap Fis=biZk

Tac gid: Nghiép su Ta Hitu Thuong # 11 # (Ninh Cuong xa, Ninh Cuong t6ng, Truc Ninh
huyén). Dang chép tay. Kich thudc: 22 x14.

Ma Thu vién Quéc gia: R.1194. Ma hiéu s6 héa: NLVNPF-0493. S6 anh: 112.

Thu muc sach Han N6m & Thu vién Qudc gia Ha Noi, 2004: trang 87.

Sach trinh bay nhiing kién thtic cd ban trong linh vic Toan hoc, 4p dung Toan hoc trong
viéc tinh toan thuc té: Khéi téng vi phap #2477 , Clru chuong lap thanh todn phap L& 37
5. Cltu quy 1ap thanh toan phap JLER 8%, Toan quan dién ca % F/H &K, Binh phan
ca ‘P43 ...

Cac qui tac tinh dién tich hinh phang da dugc viét thanh tho, cac don vi do Trung Hoa da
dugc chuyén héa sang cac don vi do Viét Nam, va cac giai thich dugc trinh bay bang chit Nom.
A11. Toan dién trir ctru phap HH /L%

S6 thu ty trong Danh muc sach cta thu vién Han Nom [11]: 3787.

Ma hiéu thu vién Han Ném: VHb. 50.

C6 1 ban viét, 114 trang, khé 19,5 x 12, ¢6 chit Nom.

Cubn sach dugc viét bang chit Han, chita cac binh luan bang chit Nom, trinh bay cach tinh
dién tich cac hinh phang.

A12. Toan hoc cach tri 52 4% 5

Theo [36], cubn sach c6 bén chuong va mét phu luc néi vé nhitng van dé lién quan dén
xay dung. Nhung ban hién nay chi con chuong 1, chuong 2 va bdn trang dau cta chuong 3,
phan con lai da bi mat hoan toan. Chuong md dau néi vé cac ki hiéu sb, thuc hién cac phép
toan sb hoc véi cac cong cu tinh (ban tinh dugc nhéc t6i nhung khong c6 hinh vé), va cac don

vi trong hé théng do ludng. Cudn sach cling chita mot loat cac bai todn minh hoa céc van dé
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nay, nhu phan bé téng tién cho mot sb ngudi cu thé. Chuong 2 danh riéng cho tinh toan dién
tich hinh phang gi6i han béi cac dudng thang hoac dudng cong cling véi cac giai thich can ké.
Chuong 3 trinh bay cach khai can bac hai va bac ba.

A13. Toan hoc dé uan & 28

S6 thit tu trong Danh muc sach ctia thu vién Han Nom [11]: 3788.

Ma hiéu thu vién Han Nom: A.156.

Cubn sach gdm 6 chuong: cac phép toan sb hoc, tinh dién tich cac hinh phang, khai can
bac hai va bac ba, cac phuong phép giai toan, xay dung, va li thuyét toan hoc ctia nhac.

A14. Toan hoc tam phap 5200k

Theo [36], cuén sach gdm 5 chuong;: cac phép toan sb hoc, tinh dién tich cac hinh phang,
khai can bac hai va bac ba, tinh toan trong xay dung va tinh thué.
A15. Toan phap 5.y

Hién c6 ba quyén cuing tén Toan phap 5% :

Quyén 1: S6 thut ty trong Danh muc sach ctia thu vién Han Ném [11]: 3789.

Ma hiéu thu vién Han Nom: A.3150; MF. 2347, Paris. EFEO. MF 11/5/825.

Sach day 308 trang, khé 26,5x14,1.

Cubn sach khong chia thanh cac chuong va chita 250 bai toan vé tinh dién tich, gidi tam
giac vuong, khai can bac hai va bac ba, giai phuong trinh da thtc.

Quyeén 2: Sb thit tu trong Danh muc sach ctia thur vién Han Ném [11]: 3790.

Ma hiéu thu vién Han Nom: VHv 496, MF.2402.

148 trang, khé 27x15,5. Cé chit Nom.

Quyeén 3: Tac gia: Nguyén Can, hiéu Huong Hué, Tuan pht Quang Yén bién soan. Kiéu
Oanh Mau duyét nam Duy Tan Ki dau (1909).

S6 thu ty trong Danh muc sach cta thu vién Han Ném [11]: 3791.

Ma hiéu thu vién Han Nom: Vhv.495, MF. 1699.

1 ban viét, 148 trang, khd 25x14. C6 chit Nom.

A16. Toan phap dai thanh 575 Kk

Trong Danh muc sach cta thu vién Han Nom [11] hién ¢6 hai ban chép tay, c6 chit Nom.

Quyeén 1: Sb thut tu: Vhv.1152: 136 trang, khé 27.2x15.8 (chép nam 1934).

Quyén 2: Sao chép lai ndm Bao Dai Gidp than (1944).

S6 thut ty trong Danh muc sach cta thu vién Han Nom [11]: 3792.

Ma hiéu thu vién Han Nom: A.2931: 240 tr., 24.7x13.3.

Ngoai bia dé: Tién si Luong Thé Vinh % {t:2% bién soan. Tuy nhién, theo [34], mét sb phan
ctia cubn sach kho c6 thé coi 1a dugc soan vao thé ki XV. Cudn sach khong chia thanh cac
chuong va chira 138 bai toan. Mot s6 bai toan hinh hoc khong dugc phat biéu 16, ma chi c6
hinh vé vdi cac kich thudc da cho. Chi tiét hon vé cudn sach nay c6 thé xem trong [24].

A17. Toan phap dé cuong Hi%H2E 40
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Theo [34], cudn sach nay hién c6 trong thur vién Qubc gia. Phan thit nhét cta Todn phdp dé
cuong FIEFLA (Thu vien Qubc gia) chira gidi thich chi tiét qui tac thuc hién cac phép toan véi
ban tinh. Phan con lai ctia cudn sach gan véi cac sach toan hoc ctia Trung Quéc, thi du, Todn
phdp thong tong H1J:%i5% cha Trinh Dai Vi F2 KA.

A18. Toan phap ki diéu k7AW

S6 thu tu trong Danh muc sach cda thu vién Han Ném [11]: 3793.

Ma hiéu thu vién Han Nom: A. 1584.

C6 1 ban viét, 212 trang, khd 26.7 x 14.5, 1 muc luc.

Theo [36], tén ding ctia cudn sach phai la Tap thanh chu gia huyén nghi todn phdap % BGE K
ZJ1#53%. Cudn sach chira phu luc lién quan dén thu thué thoi Minh Mang, do d6 cudn sach
phai duoc viét khoéng sém hon nam 1820. Phan dau cudn sach 1a cac ki hiéu sd, cac don vi do.
Phan con lai chita mot loat cac bai toan truyén thdng nhu tinh dién tich, mau s6 chung, khai
can bac hai va bac ba.

A19. Toan phap quyén 524

Tac gia: D6 Purc To A1 {8 4E. Nam in: 1909. Thu vién Quéc gia.

Cubn sach bat dau bang bang nhan va cac qui tac thuc hién tinh toan trén ban tinh. Sau
d6 1a cac bai todn vé phan bé ti 16, tinh dién tich va thé tich, khai can bac hai,. ..

A20. Tong tu chu gia toan phap dai toan Z8% 4R 5k K4

S thit tu trong Danh muc sach ctia thu vién Han Nom [11]: 3825.

Ma hiéu thu vién Han Nom: A.2732, MF. 2019.

C6 1 ban viét, 102 trang khd 26.7x15.7.

Cubn sach trong thu vién Han Nom chi con Quyén 3 chita 48 bai toan va Quyén 4 chita 32
bai toan vé phan bd c6 trong, tinh thé tich va cac bai toan vé xay dung,...

A21. Trung dinh toan phap chi nam tan bién H 5] 5% T8 B #i 4

Theo [36], cubn sach hién c6 trong Thu vién vién Stt hoc Ha Noi, chita cac bai toan vé tinh
dién tich, khai cin bac hai va bac ba, ing dung giai tam gidc vudng va tam giac dong dang.
Cudn sach ¢6 stt dung cac don vi do thdi Gia Long va chita mét s6 16n céc tinh toan theo cach
tinh cia phuong Tay, vi vay c6 16 né dugc viét mudn hon, vao cudi thé ki XIX hodc dau thé ki
XX.

A22.Y trai toan phap nhat dac luc B85k —155%

S thit tu trong Danh muc sach ctia thu vién Han Nom [11]: 4505.

Cudn sach dugc viét bdi nha toan hoc, thién van hoc Nguyén Hitu Than FLf 1H (1756-
1931) hiéu Y Trai. Sich gdm 8 chuong: Cac phép toan sb hoc co ban, ban tinh, tinh dién tich cac
hinh phang, phan bé c6 trong, “khai can bac hai” (giai phuong trinh bac hai), cac tinh chét ctia
tam gidc vudng va st dung tam giac dong dang, “khai cidn bac ba” (giai phuong trinh bac ba).
Chi tiét hon c6 thé xem trong [35]. Cudn sach nay da dugc ching t6i dich va bién tap sd bo.

Ngoai 22 cudn sach trén (liét ké theo thit tu trong [36], c6 thé ké thém:

A23. S6 hoc tiéu dan B8 /5|
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S6 thit ty trong Danh muc sach ctia thu vién Han Ném [11]: AB 407.
A24. Khao xich dac by phap HRE

Téc gia: Ngo Thé Vinh bién tap. Chép lai nsm Ham Nghi thit nhat (1885).

S thut ty trong Danh muc sach cta thu vién Han Nom [11]: 1645.

Ma hiéu thu vién Han Nom: A 1555.

C6 1 ban in, 114 trang, khé 28x16, ¢6 hinh vé, kh6 4,5 x 15,5.

Khao cttu vé cach do dac bang thudc va bang bd (budc chan), tir thoi Hoang Dé, Ha,
Thuong, Chu dén Han, Pudng, Tong.

Ngoai 24 cudn sach toan liét ké trén, con c6 mot sb sach vé gido khoa trong thu vién Han
Ném va thu vién Qudc gia, trong d6 c6 day kién thiic toan va thién van (xem [11], [13]). Mot sb
sach toan Han Nom c6 thé da bi that lac, ¢6 thé nam trong thu vién cac nude khac hoac trong
kho sach tu nhan ma ching ta chua cé diéu kién khai thac. Hy vong sach toan Han Nom tiép
tuc dugc b6 sung xuyén subt theo thoi gian va qua nhiéu thé hé.

3 V@ khai thac di san sach toan Han Nom

Cac sach toan Han Nom théng ké & trén méi chi dugc gi6i thiéu tom tat bang tiéng Viét
trong [11] va tiéng Anh trong [36]. Chua c6 ban dich ra tiéng Viét (hién dai) ctia cudn sach todn
Héan Ném nao dugc in ra, vi vay tuy viéc nghién ctru néi dung sach toan Han Nom rat thu vi
va hap dan, nhung cling con nhiéu khé khin trong tiép can ngon ngi.

Su can thiét cta nghién ctru di sdn sach toan Han Nom néi riéng, di san sach khoa hoc
cong nghé viét bang chit Han va chit Ném néi chung, da dugc néu ra cach day 40 nam (xem
[10]), tham chi 70 nam (xem [4]). Nhitng khé khan khi nghién cttu mang sach nay cling da
duoc @é cap dén trong [4]-[6]. Chinh vi vAy ma cho tdi nay, di san nay van g?m nhu chua dugc
khai thac. Tuy nhién, theo chung t6i, day 1a mot kho sach qui, cAn dugc khai thac va st dung
trong nghién ctru lich stt, gido duc va khoa hoc.

Nghién cttu lich st toan hoc c6 quan hé hitu co véi giang day toan hoc. Vi vay, khai thac
mang sach toan Han Nom cting gép phan lam phong phd thém gido duc toan hoc. Thi du, cac
tu liéu lich st (ngudn gbc cac bai toan 6, tiéu stt cdc danh nhan toan hoc, phuong phép giai
toan, phat biéu cac bai toan dudi dang ngon ngit dan gian va ca ném,...) sé rat ¢6 ich trong
giang day toan hoc.

Nhiéu vin dé lich st todn hoc c6 1é chi dugc 1am séng t6 thong qua nghién citu cac sach todn
Hén Nom. Thi duy, sé 1a diéu thu vi néu, thi du, cdc van dé sau day dugc sang té hon:

1) Ai la tac gia cta Todn phdp dai thanh?- Ta Ngoc Lién [10] viét: "Tac phdm vé toan ctia Ong
(Luong Thé Vinh) dé lai c6 Dgi thanh todn phdp... Vi Hitu 1a mot nha toan hoc tinh thong, dat
ra Ldp thanh todn phdp". Hoang Xuan Han [4] cling viét "cudn sach nay (Cttu chuong lap thanh
tinh phap ctia Pham Hitu Chung) dugc viét dua theo cudn Dai thanh toin phdp cta Luong Thé
Vinh. Tuy nhién, A. Volkov ¢4 1& cting c6 li khi viét (xem [29]): One can conclude that the Dai thanh
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toan phap was written by Vu Huu and edited by Luong The Vinh. Chi tiét hon c6 thé xem trong [3]
va [26].

2) Y trai todn phdp nhit dic luc cia Nguyén Htru Than. Trong [6], ngoai nghién ctiu vé lich
va lich Viét Nam, Hoang Xuan Han da gidi thiéu nha thién van va nha toan hoc Nguyén Hitu
Than vé6i Y trai todn phdp nhét dic luc (viét nam Minh Ménh 1829) nhu sau: Lan ddu tién mot nha
todn hoc Viét Nam la ong ban tdi ma phuong. Ngoai Ma phuong, theo ching t6i, Y trai todn phip
nhat dic luc con chira dung rat nhiéu sang tao toan hoc va gia tri su pham can duoc khai thac
va lam sang to.

3) Trong céac sach giao khoa va sach tham khao toan hién nay, cac bai toan nhu Tram triu
trim cd, Mai em di chg phién, ... thuong dugc ghi chu la: Mot bai todn ¢6. Sé 1a thi vi hon nhiéu
néu biét chac bai todn c6 4y & trong sach nao, ai 1a tac gia (Luong Thé Vinh, Nguyén Hitu Than,

2.

4) Quan hé gitta toan hoc Trung Hoa va todn hoc Viét Nam.

Hién nhién, cac tri thic Viét Nam da biét dén cac cudn sach toan Trung Hoa. Thi du, cuén
sach Tuong gidi Citu chuong todn phdp cia Duong Huy (doi Tdéng) khac in ndm Thiéu Hung Mau
Dan, da tirng ton tai & Viét Nam, dugc thdng ké trong C6 hoc vién thu tich thil sich, nhung hién
nay chua tim lai dugc (cting véi tat ca sach ctia C6 hoc vién, xem [12]). Trong cac tdc phdm
ctia minh (xem, thi duy, [A22]), cac tac gid Viét Nam cling nhac t6i va da st dung cac sach toan
Trung Hoa trong bién soan sach. Tuy nhién, sach toan Viét Nam ciing c6 rat nhiéu sing tao
(xem phan tich ctia A. Volkov trong cac bai bao ctia Ong). Sé rt thd vi néu cau héi vé vai tro
va gia tri sdng tao trong cac sach toan Viét Nam thoi Trung dai da dnh hudng dén sy tiép thu,
phat trién va truyén ba toan hoc & Viét Nam dugc lam r6.

5) Hién nay khong méy nha toan hoc biét chit Han Nom, ngudgc lai, khong méy nha Han
N6m hoc quan tdm dén toan hoc. Viéc tip hgp cac nha toan hoc, Han Ném hoc va cac nha
nghién cttu lich st khoa hoc ty nhién dé dich, phan tich va so sanh vin ban, truyén ba noi
dung toan hoc, theo chung t6i, la rat can thiét. Phan tich van ban hoc ctia cac sach toan Han
Nom khong chi gitp hiu nhitng van dé ctia lich st todn hoc va gidng day toan hoc, ma néu
tham chiéu v6i cac van dé lich st khac, nhu nhitng thong tin thoi sy duge dua vao trong cac
sach toan (thi dy, bai toan tinh d6 dai dudng xe lira trong [A1]), su phat trién nganh in & Viét
Nam,..., theo chung t6i, ciing 1a nhitng vin dé rat thi vi. Hy vong trong tuong lai, di san sach

toan Han Nom sé dugc cac nha nghién cttu toan hoc, lich sit va su pham quan tdm nghién ctru.
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MG RONG VA PHAT TRIEN MOT BAI TOAN THI OLYMPIC SINH VIEN VIET NAM|
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TOM TAT
Bdo cido gidi thiéu mgt bai todn bat dang thitc tich phan xudt hién trong ki thi Olympic Todn sinh
vién nam 2005, cing vdi mot s6 md rong va phat trién ciia chiing téi dva trén nhitng md rong va phdt
trién cila cdc tic gid khdc trude do.
Tir khéa: Olympic Toan sinh vién; BAt dang thiic tich phan.

ABSTRACT

In this paper we introduce a problem from a Math Olympics Competition for Students with expan-
sion and development. We have carried out to solve the problem by the authors open yet and also offers
open-related problems.

1 Gidi thiéu
Nam 2005 trong ky thi Olympic Toan hoc sinh vién c6 bai toan sau:
Cho ham f(z) lién tuc trén [0, 1] va thda man

1
/ f(t)dt > 1_2“"2 , Yz € [0,1]- (149)

Ching minh rang

Wl

1 1
/ [f (2)]*dz > / of(x)dz >
0 0
Loi gidi. Ta ¢6
0< /Ol[f (z) —af’de = / )P —2 / @ + / s,

1

nén /Ol[f(a:)]gdq: > 2/01:rf(a:)dx -3

Ngay nhan bai: 25/8/2015 ; ngay nhan dang: 27/4/2016
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1 1
Dat I = / ( / f (t)dt) dr va st dung tich phan titng phan ta dugc
0 T

/ /ft)dt x:r:/l tf(t) dt‘ /xf(m)dx/ole(ac)dx

Mat khac ta c6
1 1 1 2
1—=2x 1
— > = —,
I /0(/ f(t)dt)d:z://o —dr =

Tix day suy ra diéu phai ching minh. [J
Nhin xét. Didu kién (1) c6 thé viét thanh

1 1
/f(t)dt>/ tdt , Vo € [0, 1]

Ng6 Quéc Anh, Du Piic Thang, Tran Tat Dat va Dang Anh Tudn (PHQG Ha Noi, xem [3])
da phat trién bai toan trén nhu sau:
B6 dé 1. Gia thiét ham f lién tuc trén [0, 1] va thdéa man diéu kién (1); dong thai f(z) > 0, Va €
[0,1] (1").Khi dé ta co

1
1
/0 2" f(z)dx > ——rl (n=0,1,2,...)

Chitng minh. Ta ¢

/len(/: f(t)dt)dx n+1/ / f(t)at d($n+1)

2w, +/ 2 ()
dan dén /1 ”+1f(x)da:(n+1/ /f(t)dt dx .

Mat khac / / f(?) dt dx > / nl-af dx .

Do d6 / 2" f(2)dr > (n+1)/ x dx: .=
0 0

1
n+3°

Bai todn 1. Gia st ham f lién tuc trén [0, 1] va théa man (1), (1'). Khi d6

1 1
/ [f(z)]" " dz > / 2" f(z)dx , Vn € N.
0 0
Loi gidi. Do bat dang thitc Cauchy ta c6 [f(x)]"*! + na"t > (n 4 1)z" f(z),

nén /01[f(:z:)]”“cl:::+n/01 2" e > (n+ 1)/01 2" f(z)dx
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Theo B6 dé 1 ta c6

(n+ 1)/01x"f(x)d:c = n/ola:"f(x)der/le”f(w)d:r > nLJrZ +/01 2" f(x)dx.

Suy ra diéu phai chiing minh. [J

Bai toan 2. Gia st ham f lién tuc trén [0, 1] va thoa man (1), (1). Khi dé

/Ol[f(x)]”“dx > /01 z[f(x)]"dz , ¥n € N.

Loi gidi. Ta thdy (f(z) — 2)([f(z)]" —2™) > 0, Vx € [0,1],

ticla [f(2)]"t! + a1 > 2n f(z) +2[f ()], Vo € [0, 1].

Do d6 /O [f(x)]"“d:rJrnJlr2>/O x"f(x)dx+/0 z[f(x)]" da.

Dén day theo B dé 1 ta suy ra diéu phai chitng minh. O
B6 dé 2. Gi sit ham f lién tuc trén [0, 1] va théa man (1), (1').
—, (Va >0).
a+3’ (va>0)
Chitng minh. Tuong tu nhu chiing minh BS dé 1.

1
Khi d6 / T f(z)dr >
0

Bai todn 3. Gia st ham f lién tuc trén [0, 1] va thoa man (1), (1). Khi dé
1 1
/ [f(z)]*de > / zf(z)dx , Ya > 0.
0 0

Loi gidi. D& dang c6 bat dang thitc Cauchy téng quét sau

aerﬁy}q:"‘yﬁ, (a>0,>0,a+p=1,2=>0,y>0).

Tir 46
@I e > e @), Ve e 0,1,
1 ! N o v
Oé-l-l/o [f(2)] +1d513‘|‘(a_|_1)(a_|_2)>/0 2® f(x)dx.

Theo B6 dé 2 ta ¢6

1 1 1 o 1
/ 2 f(x)de = —— | z°f(z)de+ —— [ z%f(z)dx
0 0

a+1/, a+1
1 ! «a
> z® f(x)dx + —————.
a—l—l/o /(@) (a+1)(a+2)
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Suy ra diéu phai chiing minh. [J
Bai todn 4. Gia st ham f lién tuc trén [0, 1] va théa méan (1), (1’). Khi d6

/Ol[f @)+ > | alf@)de, Ya >0,

Loi gidi. Tuong tu nhu chiing minh Bai toan 3.
Cac tac gia cua [3] da néu mot bai toan md sau:
Bai todn m& s6 1. Gia st f(z) 1a ham lién tuc trén [0, 1] thda man

1 1
/f(t)dt}/ tdt , vz € [0, 1].

V6i diéu kién nao cho a va 3 thi bat dang thiic sau la ding?

/Ol[f(a?)]”ﬁdx > /1 t°[f ()] dz.

0

Chiing ta tién hanh giai quyét bai todn md s6 1 néu trén.

2 Mot so ket qua chinh
B dé 3. Gia sit ham f lién tuc trén [0, 1] va thda man (1). Khi d6

b 1 —akt?
> — .
/wtf(t)dt/ o Ve e, (keN)

Chitng minh. Tu gia thiét ta c6

1 1 1 2
_ 41—
/ y* 1(/ f(t)dt)dy>/ y* 1721; dy
T y T

1 xk T

T kk+2) 2% 20kt2)

k+2

Mit khdc, dung tich phan titrng phan ta dugc

/ k—1 /f(tdtdy/f dt‘ /xyfy)dy
_/f )dt + = /zy’“f(y)dy
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Do dé
T 1/ 1 " .
T Hdt+— | i flydy > ——— — o
k:/xf() +k/$yf(y)y Mkt+2) 2% 2(k+2)
Suy ra
1 ok kaht?
)dy > t)dt —t ——
/myf(yy l’/f) Y2 2 T
S kl—m2+ 1 mk+ kak+?
> -t
2 " k+2 2 2k12)
1 — xkt2
T k+2

Nhin xét. Bang cach tuong tu, ta c6 thé chitng minh B3 dé 3 ciing ding khi k& € [1,00). Tic la

1 1—5Ba+2
« > — >
/xtf(t)dt/ g v el0,1] (a2 1)

B dé 4. Gia st f 1a ham khong am va lién tuc trén [0, 1] sao cho (1) thda man. Khi d6 véi méi

xel0,1]vakeN,tacod

! 1 —zktt
[ rtpa> L

Chitng minh. Ta thay

lf (t) - O((F@)) — )
1 f(t) h / thf(t)dt — /1 ()" dt + /1 g

diéu nay kéo theo

k42

[ s [t [dsofa-

Str dung b6 dé 3 ta c6

[sor > [t e

Tiép tuc chiing minh bang quy nap. RS rang B dé 4 ding véi k = 1.

1_1.16 +1

1
Gia su / [£(t)]Fdt > T ta sé chungtorang/ [F@®)) " at >

k42

k+2 '

133



Tip 11, 6 1, 2017 V6 Diic Toan, Vi Tién Viét

That vay, ta c6

1 1 1 k41 k42
1—y 1 x x
t kdt)d > gy == -
/w(/y[f()] 4 / k1 Y iz Erl . (i D(kr2)

Mt khac. dung tich phan titng phan ta dugc

/ml (/yl[f(t)]kdt)dy - y/yl[f(t)]kdt’: + /: ylf (v)]*dy

— / @+ / ylf ()] dy

Nhu thé

1 x xkt2

k+2_k+1+(k+1)(/<:+2)’

o [ [y

do vay dan dén

! k ' k 1 x ztr
dy > )|k dt -
/xy[f(y)] y Jf/x[f()] Trr il TG D)
1 — gkt 1 z akt?

S _

S T R T Sl T T TR )
1 — xkt2

T kr2

Dén day do (x) ta dugc

1— xk+2

[ s [ st

diéu nay hoan thanh ching minh. O

Bai todn 5. Gia st f 1a ham khong am va lién tuc trén [0, 1] . Néu (1) thda man, thi véi méi

m,n € N, ta co

1[f(m)]m+"dm > lmm[ f(x)]"da.
/ /

Loi gidi. St dung bat dang thitc Cauchy téng quat ta dugc

n m

o n[f(x)]mM + m$m+n > ™[ f(z)]",
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diéu nay kéo theo

n

1 m 1 1
s 2 [amraes i)

Vi thé

[ @i s B @i ey - st

-/ @) e+ () e - — L),

m+n+1

1
Do B6 dé 4 ta c6 Mt dy > ————— Tit day ta dug
o Bo de aco/o[f(m)] T2 T ay ta duoc

/ @) > / ) O

Bai todn 6. Gia st f 1a ham lién tuc trén [0, 1] sao cho f(x) > 1,Vz € [0,1]. Néu (1) théa man,
thi véi mbi a, 3 > 0 ta cd

lma+ﬁx lxaxﬂx %k
/0[f<>1 d>/0 F@)Pdr ()

Loi gidi. Bang cach chiing minh tuong tu nhu véi Bai toan 5 ta thy () ding khi

! 1
a+pB
/o[f(m)] P > at+B+1°

1
Tir d6 ta chi can ching t6 rﬁng/ [f(z)]"dz > 17_1#1 ,(n>0).
0
1 1
Vif@) > 1 e 0 valy <n <l +lacs [ [f@d > [ (7).
0 0

Do BG dé 4 ta duoc

1 7 ' " 1 1
/O [f(z)]"dz >/O [f(2)])"de > T > P O

Nhgn xét. 1) Diéu kién f(z) > 1,Vx € [0, 1] trong Bai toan 6 1a can thiét dé
1

1 . / \
/O [f (2)]"dz > ) ,(n > 0) . Chang han xét n = £ va

0 néu 0<z < ,
flx) = ) lién tuc trén [0, 1],
22z —1) néu $<z<1
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th1/f nhu’ng/ [f (z)) ?<2.

Wl

2) Diéu kién f(z) > 1,Vx € [0,1] c6 thé bd qua néu gia thiét o + 8 > 1

Bai todn 7. Gia st f la ham khong am va lién tuc trén [0, 1] sao cho (1) théa man. Khi d6 véi
mdia,f>0maa+pB>1,tacd

1
a+f8 1
[

va tir d6 ta dugc bat dang thiic (++) nhu & bai toan 6.
Loigidgi. Datk = [a+ flvay={a+f}=a+B—[a+ Bl =a+ 3 —Fk.

Tathdy k e N0 <y < 1va Tﬂa + 515 = 1. Su dung b4t dang thitc Cauchy t6ng quat ta c6

[FO177 + —— 2 > [f())" vt € [0,1],

a+6 +5

dan dén v6i méi x € [0, 1] thi

3 v ' B ' k
a-+ a-+ v
5/ t)] dt+a+6/mt dt}/z[f(t)]tdt.

Mt khac, dung tich phan titng phan va chi y BS dé 4 ta c6

Lbﬁﬁﬂw—éﬂwpfvwmw)
o [k + [ ([ o)
o [senas s ([ weras)ar)

A A B
P e d(tY
R +/m 1 @)
1 g
— (g — potBtl e — — T (1 a+5+1}
P e (=) = e (et
! 1 v 1
HFdt > 1— - .
/O[f()} k—l—l( a—l—ﬁ—l—l) a+pB+1

Lai c6

i a+B gl
+ﬂAt A e T
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T day ta dugc

k ! atp ! k 7 1a+/3
5 [ roras [rorea- o e
> -ty
a+p+1 a+p’ a+p+1 a+p

suy ra diéu can phai chirng minh. O

Chiing ta phat biéu thém mot s6 bai todan md khac:

Bai todn md s 2. Gid st f,g : [a,b] — [0,00) la cAc ham lién tuc va g 1a ham khong giam théa

man
b b
/f(t)dt/ g(t)dt (150)

b b
/ f(t)dt > / g(t)dt ¥z € [a,b]. (151)

b b
Khi d6 v6i méi ham h 1a ham 16i trén [0, 0o) ta c6 / h(f(t))dt > / h(g(t))dt.

Ddc biét, 1ay h(t) := t* | (o > 0) 1a ham 16i trén [0, 0o) ta dugc

b b
/[f(t)]“dt>/ [g(t)]*dt.

Bai todn md s6 3. Gid st f, g : [a,b] — [0,00) 1a cAc ham lién tuc va g 1a ham khong gidm, kha vi
théa man diéu kién (3). Khi d6 ta cé

b b
/ )Pt > / lg(t))%dt Yz € [a,b] , (B> 1).

Bai todn md sé 4. Gid st f, g : [a,b] — [0,00) 1a cAc ham lién tuc va g la ham khong gidm, kha vi

théa man diéu kién (3). Khi d6 néu

b b
[ s> [grave e @ o) (152)

thi ta co

b b
[lr@ras [gpa v e o, (3> a).
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3 Kétluan

Budc dau ching t6i da giai quyét dugc mot vai trudng hgp riéng dbi véi Bai toan md sb 1
ma céc tac gia ctia [3] néu ra. Cac két qua nay sé dugc dua vao trong ndi dung Luan van thac

si ctia hoc vién cao hoc V6 Buc Toan.
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